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Abstract of The Thesis
We study the power law running of gauge, Yukawa and quartic scalar couplings in the universal
extra dimension scenario where the extra dimension is accessed by all the standard model
fields. Assuming compactification on an S1/Z2 orbifold, we compute one-loop contributions
of the relevant Kaluza-Klein towers to the above couplings up to a cutoff scale Λ. We get
a low unification scale around 30 TeV for a radius R ∼ 1 TeV−1. We also examine the
consequences of power law running on the triviality and vacuum stability bounds on the Higgs
mass. Supersymmetric extension of the scenario requires R−1 to be larger than ∼ 1010 GeV in
order that the gauge couplings remain perturbative up to the scale where they tend to unify.
Restricting the first two fermion generations in the brane, we derive, using the effective potential
approximation technique, an upper limit on the mass of the lightest CP-even neutral Higgs in
the minimal supersymmetric standard model in the presence of extra dimensions. We observe
that the lightest Higgs, whose upper bound in four dimensions is ∼ 135 GeV, may comfortably
weigh around 200 GeV (300 GeV) with one (two) extra dimension(s).
The SO(10) Grand Unified Theory (GUT) is a preferred choice for the unification of different
standard model gauge groups. A low intermediate scale within minimal supersymmetric SO(10)
GUT is a desirable feature to accommodate leptogenesis. We point out that any one of three
options – threshold corrections due to the mass spectrum near the unification scale, gravity
induced non-renormalizable operators near the Planck scale, or presence of additional light
Higgs multiplets – can permit unification along with much lower values of MR in both the
doublet and triplet higgs scalar models. In the triplet model, independent and irrespective of
these corrections, we find a lower bound on the intermediate scale, MR > 10
9 GeV, arising from
the requirement that the theory must remain perturbative at least upto the GUT scale. We
show that in the doublet modelMR can even be in the TeV region which, apart from permitting
resonant leptogenesis, can be tested at LHC and ILC.
We have also explored the quark model interpretation of the pentaquark state. We estimate
the pentaquark (qqqqq¯) mass after calculating the SU(6) unitary scalar factors and Racah
coefficients to incorporate proper colour-spin symmetry properties for the triquark (qqq¯) state.
When hyperfine interactions are assumed to be quark flavour independent and of the same
strength for diquarks and triquarks, extracting it from the baryon sector yields a θ+ mass
prediction of 1534 MeV. In this framework, other pentaquark states Ξ with S=–2 and θc with
C=-1 are expected at 1558 MeV and 2895 MeV respectively.
v
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Chapter 1
Introduction
1.1 Introduction
The Standard Model (SM) of particle physics describes the dynamics of the elementary particles.
It is a gauge field theory based on the group SU(2)L × U(1)Y × SU(3)C . The electroweak
theory (SU(2)L × U(1)Y ), proposed by Glashow-Salam-Weinberg [1], describes the weak and
electromagnetic interactions between the fundamental particles (quarks and leptons). The
colour gauge group SU(3)C acts only on the quark sector. Under the SU(2)L gauge group the
left-handed particles are charged ones but the right-handed particles transform trivially. The
electromagnetic interaction, as like the gravitational interaction, is of infinite range but the
ranges of the weak and strong forces are finite. The masslessness of the photon field explains
the long range behaviour of the electromagnetic field. Experiments revealed the weak gauge
bosons as massive as required by the short-range characteristic of the weak interaction. To
explain the same for the strong interaction we need the principle of colour confinement which
states that the only observable states are the colour singlet hadrons. Thus, in spite of the fact
that the gluons, the carrier of strong interactions, are massless the strong interaction is of finite
range. Although, we need massive weak gauge bosons to explain the short range behaviour of
the weak interaction, the SU(2)L gauge symmetry does not permit them, and fermions as well,
to have a mass term in the Lagrangian.
The spontaneous symmetry breaking mechanism is a way out to generate the weak gauge bo-
son and fermion masses in the standard model by introducing an additional weak isodoublet
complex scalar field. Weak gauge bosons get masses by absorbing three Goldstone bosons,
three components of the scalar field, the remaining degree of freedom corresponds to a physical
particle, the Higgs boson, the most wanted member for the present particle physics collider
search. Once we choose a ground state, out of infinite possibilities, as the physical one, the
electro-weak SU(2)L×U(1)Y symmetry breaks to U(1)Q symmetry. As a result, via the spon-
taneous symmetry breaking, the weak gauge bosons and the fermions acquire non-zero masses.
In most versions of new physics beyond the standard model nowadays the Higgs sector plays a
key role.
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The standard model, till now, is in very good agreement with different experiments, like LEP,
Tevatron run-I & -II, HERA etc. It has predicted different weak gauge boson masses very
precisely, made several predictions for testing quantum electroweak corrections, etc. which
have all been verified. Despite the tremendous success of the standard model it has a few
shortcomings. First of all the Higgs boson is not found in any of the present or past experiments.
There is no satisfactory explanation of why should there be any gauge symmetry i.e. why
should the Lagrangian be invariant under the local gauge transformations? Why only three
generations of fermions are there? All the fermions and Higgs boson masses and the gauge
coupling constants are only parameters in the standard model. The clear evidence for physics
beyond the standard model is the small nonzero neutrino mass. Introducing a heavy right-
handed neutrino in the see-saw mechanism one can explain the light neutrino mass. To reduce
the large number of parameters of the standard model the Theory of Grand Unification has been
introduced. According to this theory the difference in gauge coupling strengths is a low energy
behaviour, the coupling ‘constants’ are functions of the energy scale and all gauge couplings
will unify to a single one at an energy scale, the GUT scale (∼ 1015 GeV), much higher than
the electro-weak scale. In that high scale not only the gauge couplings but all the fermions
from a generation can be put in a single (or a finite) multiplet(s) which leads to a few mass
parameters and hence only a few Yukawa couplings. The problem which causes an itch to
the high energy particle physicists is the huge difference between the Planck scale (1019 GeV)
and the electroweak symmetry breaking scale (∼ 100 GeV). The Higgs boson mass receives a
quadratically divergent quantum loop correction of the order of the Planck scale. This huge
correction one can remove by introducing TeV scale new physics like Supersymmetry, Extra
Dimensions etc. The standard model does not include the gravitational interaction.
Beyond the standard model, thus, is an obvious area we have to look into in order to explain
the present and future experimental data as well as to have a clear picture about the physics.
So, a detailed discussion of some of the new physics is first presented. Based on the current
experimental data we put some constraints on different parameters of the new physics and
have also discussed how different standard model phenomena change their characteristic in the
presence of such new physics. So let us begin with a short discussion of the standard model
and new physics beyond it for a better understanding of the work reported in this thesis.
1.2 The standard model
The standard model, as we stated in the previous section, is a gauge field theory based on the
group SU(2)L ×U(1)Y × SU(3)C . The particle content of the SM is enlisted in Table 1.1 with
their corresponding gauge group representations. The left-handed particles are doublet under
the SU(2)L gauge transformation while the right-handed ones are singlet. As SU(3)C group
does not distinguish left or right chirality, so both type of quarks are triplet while letpons are
singlet. The hypercharge quantum number Y is normalised to
Q = I3 + Y, (1.1)
3
Nature particles SU(3)C × SU(2)L × U(1)Y
Quarks (left-handed) : QL
(
u
d
)
L
,
(
c
s
)
L
,
(
t
b
)
L
(3, 2, 1
6
)
Quarks (right-handed) :
quR
qdR
uR, cR, tR
dR, sR, bR
(
3, 1,
2/3
−1/3
)
Leptons (left-handed) : LL
(
νe
e−
)
L
,
(
νµ
µ−
)
L
,
(
ντ
τ−
)
L
(1, 2,−1
2
)
Leptons (right-handed) : lR e
−
R, µ
−
R, τ
−
R (1, 1,−1)
SU(3)C gauge boson G
a
µ (a=1,..,8) (8,1,0)
SU(2)L gauge boson W
i
µ (i=1,2,3) (1,3,0)
U(1)Y gauge boson Bµ (1,1,0)
Table 1.1: The fundamental matter and mediator members of particle physics.
where Q is the electric charge and I3 is the third component of the isospin vector. The standard
model also contains a yet to be observed SU(2)L doublet scalar, the essential ingredient for the
Higgs mechanism,
Φ =
(
φ+
φ0
)
≡ (1, 2, 1
2
). (1.2)
Both the φ+ and φ0 are complex fields which can be expressed in terms of real scalar fields φi
φ+ =
1√
2
(φ1 + iφ2) and φ
0 =
1√
2
(φ3 + iφ4). (1.3)
1.3 Gauge invariance of the SM
Let us consider a Dirac field Ψ and assume that the theory is invariant under the transformation
Ψ(x)→ UΨ(x) (1.4)
where, U = eiα(x). This is a phase rotation through an angle α(x) that itself depends on the
space-time point.
Let us start with the Lagrangian of a free Dirac field which can be written as
L = Ψ¯(iγµ∂µ −m)Ψ (1.5)
Independence on space-time of α leaves eqn.(1.5) invariant under the transformation eqn.(1.4).
Will the Lagrangian be invariant when α depends on the space-time point as well? The mass
term mΨ¯Ψ is invariant under both the global as well as the local phase rotations. The problem
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will arise with the kinetic term; it is not invariant under the local phase transformation. But,
one can make a co-variant kinetic term [2] as follows:
The derivative of the Dirac field along nµ direction is given by
nµ∂µΨ(x) =
ǫ→ 0
lim 1
ǫ
[Ψ(x+ ǫn)−Ψ(x)] (1.6)
As Ψ(x+ ǫn) and Ψ(x) transform differently under eqn.(1.4), so eqn.(1.6) is not a meaningful
one. To make the difference sensible we should define a scalar quantity U(y, x) which will
compensate the phase transformation from one point to another one by it’s transformation
between two points as
U(y, x)→ eiα(y)U(y, x)e−iα(x) (1.7)
whenever the Dirac field Ψ will transform as eqn.(1.4). An obvious requirement is U(x, x) = 1,
as a generalization it implies U(y, x) to be a pure phase only. Now both the fields Ψ(x + ǫn)
and Ψ(x) transform the same way and the covariant derivative can be defined as follows:
nµDµΨ(x) =
ǫ→ 0
lim 1
ǫ
[Ψ(x+ ǫn)− U((x + ǫn), x)Ψ(x)] (1.8)
For a continuous local phase transformation, as the gauge transformations are continuous, one
can expand the function U(y, x) between two points as
U((x+ ǫn), x) = 1− ieǫnµAµ(x) +O(ǫ2). (1.9)
Here e is an arbitrary constant. It will appear as the gauge coupling constant in the context
of the standard model. The coefficient of the term (ǫnµ) is a new field Aµ(x), the gauge field,
introduced to keep the kinetic term of the Lagrangian invariant under the gauge transformation.
Thus the covariant derivative, now, can be written as
DµΨ(x) = ∂µΨ(x) + ieAµ(x)Ψ(x). (1.10)
Using eqn.(1.9) on eqn.(1.7) we see that the gauge field transforms as
Aµ(x)→ Aµ(x)− 1
e
∂µα(x). (1.11)
Now, it is easy to check the invariance of covariant derivative DµΨ(x), using eqn.(1.4) and
eqn.(1.11), under the gauge transformation. So, in summary we need a gauge field Aµ(x),
transforming as eqn.(1.11), to keep the Lagrangian invariant under the local gauge transforma-
tion. Immediately, we see that although the term Fµν = ∂µAν − ∂νAµ, which will generate the
kinetic term for the gauge field, is invariant under the gauge transformation the mass term for
the gauge field m2AAµA
µ is not. Finally, the gauge invariant Lagrangian can be written as
L = −1
4
FµνF
µν + Ψ¯[iγµ(∂µ + ieAµ)−m]Ψ (1.12)
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1.4 Spontaneous symmetry breaking
To address the problem of the vanishing mass term for a gauge field in a gauge invariant theory
we have to incorporate the mechanism of Spontaneous Symmetry Breaking (SSB). It means
the Lagrangian or the equation of motion has some symmetry but it’s solution, the ground
state, does not. Introduced by Heisenberg, in 1928, to explain the property of ferromagnetism
whose spin states below a certain critical temperature choose a specific direction out of infinite
possibilities for the ground state, a similar situation also arises in case of quantum field theory.
1.4.1 SSB for a global U(1) symmetry
Let us consider, to start with, the potential of a complex scalar field Φ ≡ (φ1+iφ2)√
2
, as
V (φ) = m2Φ∗Φ+ λ(Φ∗Φ)2, (1.13)
where λ > 0, so as not to make the potential unbounded from below and, hence, the Lagrangian
for this field can be written as
L = ∂µΦ∗∂µΦ−m2Φ∗Φ− λ(Φ∗Φ)2. (1.14)
For the case m2 > 0, left figure of Fig. 1.1, ‘m’ will represent the mass of the scalar field Φ,
and the ground state of the potential will obviously be at Φ = 0.
To discuss the case with m2 < 0, right figure of Fig. 1.1, let us rewrite the Lagrangian as
L = 1
2
(∂µφ1)
2 +
1
2
(∂µφ2)
2 − 1
2
m2(φ21 + φ
2
2)−
1
4
λ(φ21 + φ
2
2)
2. (1.15)
Figure 1.1: The Higgs Potential
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In this case the minima will be situated at all φ1 and φ2’s satisfying the condition
(φ21 + φ
2
2) = v
2 = −m2/λ, (1.16)
with the vacuum expectation value (vev) v =
√−m2/λ.
The minimum of the potential, now, is not unique and also not at Φ = 0, as a result perturbation
theory will not be applicable around that point. To pursue it one should shift the field Φ(x) to
Φ(x) =
1√
2
[v + η(x) + iξ(x)] (1.17)
at one of the minima of the potential. Replacing the Φ(x) field by eqn.(1.17) in the above
Lagrangian of eqn.(1.14) we get
L = 1
2
∂µξ∂
µξ +
1
2
∂µη∂
µη−λv2η2 − λvη3 + other terms. (1.18)
Due to the above shift of the field Φ, the third term of the modified Lagrangian is, now, the
mass term of the field η with the mass mη =
√
2λv2 =
√−2m2. The first term of the modified
Lagrangian is the kinetic energy of the ξ field. Note, there is no corresponding mass term for
this field which implies that the theory contains a new massless scalar field. If physically there
were any such particle we should have detected it. Experimentally, we did not observe any such
particle; so does it mean that the spontaneous symmetry breaking mechanism is incorrect?
We can easily see from the right figure of Fig. 1.1 that the potential has a flat (circular)
direction at the minimum implying the presence of a massless mode. It is a simple example
of the Goldstone theorem [3], which states that massless scalars occur whenever a continuous
symmetry of a physical system is “spontaneously broken” (or, more accurately, is “not apparent
in the ground state”).
1.4.2 SSB for a local U(1) gauge symmetry
Let us now discuss the spontaneous symmetry breaking mechanism for a local U(1) gauge sym-
metry which, basically, is known as the Higgs mechanism [4]. What we did in the previous
subsection, sec. 1.4.1, is that we had a Lagrangian with a negative (mass)2 term and invari-
ant under the global U(1) transformation. Later, we shifted the scalar field to accommodate
proper vev. We need a Lagrangian, here, which will be invariant under the local U(1) gauge
transformation, eqn.(1.4). The Lagrangian of eqn.(1.14) is not invariant under this local gauge
transformation. To make it invariant, as discussed in sec. 1.3, we need a covariant derivative
Dµ, defined in eqn.(1.10), as
∂µ → Dµ ≡ ∂µ + ieAµ
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instead of ∂µ and a gauge field Aµ which simultaneously has to be transformed as
Aµ(x)→ Aµ(x)− 1
e
∂µα(x). (1.19)
For the m2 > 0 scenario, ‘m’ will represent the mass of the scalar field Φ, but we are interested
in SSB for which m2 < 0. The local U(1) gauge invariant Lagrangian using eqn.(1.12) and
eqn.(1.14), thus, is given by
L = −1
4
FµνF
µν + (∂µ − ieAµ)Φ∗(∂µ + ieAµ)Φ−m2Φ∗Φ− λ(Φ∗Φ)2. (1.20)
For SSB, we need to transform the scalar field by eqn.(1.17). The Lagrangian will, thus, be
given by
L = −1
4
FµνF
µν +
1
2
∂µξ∂
µξ+
1
2
∂µη∂
µη−λv2η2+ 1
2
e2v2AµA
µ− evAµ∂µξ+other terms. (1.21)
Eqn.(1.21) describes the interaction of a masless boson ξ, a massive scalar field η of mass
mη =
√
2λv2 and a massive gauge boson of mass mA = ev. So, with the help of the SSB
mechanism for a local gauge symmetry we succeeded to generate a mass for the gauge boson.
The problem is with the unwanted massless scalar field ξ as we have seen in sec. 1.4.1. Actually,
presence of the off-diagonal term evAµ∂
µξ in the transformed Lagrangian implies that the
fields are not in the physical mass basis. We have to reinterpret the particles described by the
Lagrangian eqn.(1.21).
For this purpose, it is convenient to use an alternative but equivalent parameterisation of the
shifted field Φ(x). Instead of eqn.(1.17) we write
Φ(x) =
1√
2
[v + h(x)]e−iθ(x)/v (1.22)
Since the theory is invariant under local U(1) gauge transformations, consider the following
transformations, for the set of real fields h, Aµ and θ as
Φ(x)→ eiθ(x)/vΦ(x) and Aµ(x)→ Aµ(x)− 1
ev
∂µθ(x). (1.23)
This gauge transformation with the condition that the theory will be independent of the field
θ(x), will help to keep this extra unwanted massless scalar field away. After this transformation,
the unwanted field θ(x) is removed from the theory and using the transformation eqn.(1.23) on
eqn.(1.20) we obtain the new transformed Lagrangian as
L = −1
4
FµνF
µν +
1
2
∂µh∂
µh− λv2h2 + 1
2
e2v2AµA
µ +
1
2
e2vAµA
µh + other terms. (1.24)
So as a result of this gauge transformation the unwanted massless scalar field has been absorbed
as the longitudinal component of the gauge field Aµ. Finally our theory is, now, described by
a massive Higgs scalar field h with mass mh =
√
2λv2 and the massive gauge boson Aµ with
mass mA = ev.
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1.4.3 Higgs mechanism in SM
Let us now come to a more realistic case where, in the SM, the local SU(2)L × U(1)Y gauge
symmetry will spontaneously be broken by the Higgs field, as
SU(2)L × U(1)Y −→ U(1)Q.
Let us consider the Higgs field, as introduced byWeinberg and defined in eqn.(1.2) and eqn.(1.3),
as
Φ ≡
(
φ+
φ0
)
≡ (2, 1) ⊂ (SU(2)L × U(1)Y ),
where,
φ+ = 1√
2
(φ1 + iφ2) and φ
0 = 1√
2
(φ3 + iφ4).
Let us consider the Lagrangian for the field Φ as
L = ∂µΦ†∂µΦ−m2Φ†Φ− λ(Φ†Φ)2. (1.25)
The Lagrangian, eqn.(1.25), is invariant under the global SU(2)L×U(1)Y gauge transformation
but not under the local SU(2)L × U(1)Y gauge transformation
Φ(x)→ ei(~α(x).~τ+β(x)Y2 )Φ(x), (1.26)
where, τa (a=1,2,3), are the SU(2)L generators and Y the hypercharge as defined in eqn.(1.1).
To make it invariant under the local SU(2)L × U(1)Y gauge transformation we require, as
before, to replace
∂µ → ∂µ + ig2~τ
2
. ~Wµ + ig1
Y
2
Bµ. (1.27)
In eqn.(1.27) g1 and g2 are the U(1)Y and SU(2)L gauge coupling constants respectively. In
this case, the gauge field Bµ transforms, as in eqn.(1.11)
Bµ → Bµ − 1
g1
∂µβ(x). (1.28)
The SU(2)L gauge boson ~Wµ transforms, due to the non-abelian character, as
~Wµ → ~Wµ − 1
g2
∂µ~α(x)− ~α× ~Wµ. (1.29)
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This indicates that the rotation of the weak gauge boson, ~Wµ, will be affected due to two factors,
one, due to the vector nature of the field and another due the variation of the space-time point.
The local SU(2)L × U(1)Y gauge invariant Lagrangian, thus, can be written as
L =
[(
i∂µ − g2~τ
2
. ~Wµ − g1
2
Bµ
)
Φ
]† [(
i∂µ − g2~τ
2
. ~W µ − g1
2
Bµ
)
Φ
]
−V (Φ†Φ)− 1
4
BµνB
µν − 1
4
~Wµν ~W
µν , (1.30)
where Y = 1/2 is used for the Higgs scalar field.
The scalar potential, V (Φ†Φ), is given by
V (Φ†Φ) = m2(Φ†Φ) + λ(Φ†Φ)2. (1.31)
The tensors Bµν and ~Wµν are defined as
Bµν = ∂µBν − ∂νBµ (1.32)
and
~Wµν = ∂µ ~Wν − ∂ν ~Wµ − ig2 ~Wµ × ~Wν . (1.33)
The condition for the spontaneous symmetry breaking is m2 < 0 and λ > 0. The minima of
the potential are at all those points of φis which satisfy the following condition
Φ†Φ =
1
2
(φ21 + φ
2
2 + φ
2
3 + φ
2
4) =
v2
2
=
−m2
2λ
, (1.34)
which implies an infinite number of ground states. The symmetry will spontaneously break once
one of it is arbitrarily chosen. Keeping in mind that any unphysical term in the Lagrangian
should not be allowed, let us write the scalar field Φ in terms of four fields θ1(x), θ2(x), θ3(x)
and h(x) as:
Φ(x) =
1√
2
(
θ2 − iθ1
(v + h)− iθ3
)
≃ eiθa(x)τa/v
(
0
1√
2
(v + h(x) )
)
(1.35)
Once we put this transformed field Φ in the Lagrangian, we will get a massive Higgs field h
while the three massless unwanted bosons will disappear from the potential. By an appropriate
local gauge transformation - a generalisation of eqn.(1.23) - they may be removed from the
theory – effectively absorbed by the ~W bosons as longitudinal components.
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1.4.4 Gauge boson and fermion masses
In order to see how the spontaneous breaking of the SU(2)L×U(1)Y gauge symmetry produces
massive W± and Z boson while leaving the photon field, γ, massless let us expand the relevant
part of the Lagrangian explicitly:
∣∣∣(− ig2~τ
2
. ~Wµ − ig1 1
2
Bµ
)
Φ
∣∣∣2 = 1
8
∣∣∣∣( g2W 3µ + g1Bµ g2(W 1µ − iW 2µ)g2(W 1µ + iW 2µ ) −g2W 3µ + g1Bµ
)(
0
v
)∣∣∣∣2
=
1
8
g22v
2[(W 1µ)
2 + (W 2µ)
2] +
1
8
v2[g2W
3
µ − g1Bµ]2. (1.36)
Let us define the new fields W±µ and Zµ and it’s orthogonal partner Aµ as
W± =
1√
2
(W 1µ ∓ iW 2µ ) , Zµ =
g2W
3
µ − g1Bµ√
g22 + g
2
1
, Aµ =
g1W
3
µ + g2Bµ√
g22 + g
2
1
(1.37)
to arrive to the form
m2WW
+
µ W
−µ +
1
2
m2ZZµZ
µ +
1
2
m2AAµA
µ. (1.38)
Finally we have three massive gauge fields W± and Z and one massless, the photon field, as
needed:
mW =
1
2
vg2 , mZ =
1
2
v
√
g22 + g
2
1 , mA = 0. (1.39)
It is useful to introduce the electroweak mixing angle θW defined in terms of the gauge coupling
constants g1 and g2 as
sinθW =
g1√
g21 + g
2
2
. (1.40)
It is worthwhile to define a few quantities at this point in terms of the mixing angle θW . The
charged current interactions are
1
4
LCC = GF√
2
J+µ J
−µ, with
GF√
2
=
g22
8m2W
(1.41)
and the neutral current interactions are given by
1
4
LNC = G
NC
F√
2
J0µJ
µ0, with GNCF =
g21 + g
2
2
8m2Z
. (1.42)
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An important parameter is the ratio of neutral and charged current interaction strengths, which
equals to 1 in the standard model, expressed as
ρ =
GNCF
GF
=
m2W
m2Zcos
2θW
. (1.43)
Let us go back to the problem of gauge invariance for the fermion mass. As the SU(3)C gauge
group is chirally blind, without indicating left or right subscripts let us denote the quark as
Q and lepton as L. Quark is in the triplet (3) and lepton is singlet (1) in the SU(3)C group
representation. Then the antiquark, Q¯, will be in the anti-triplet (3¯) representation. In SU(3)
we have,
3⊗ 3¯ ≡ 1⊕ 8.
Hence we see that the mass term Q¯Q is invariant under the SU(3)C gauge transformation. For
the colour singlet leptons it is an obvious one.
It is quite different for the case of the SU(2)L gauge group. In this case the left and right chiral
fermions transform differently as pointed in Table 1.1. A Dirac fermion field can be decomposed
as
Ψ =
(
1− γ5
2
)
Ψ+
(
1 + γ5
2
)
Ψ
= PLΨ+ PRΨ = ψL + ψR, (1.44)
where ψL and ψR are respectively known as left-chiral and right-chiral fermions.
In the Weyl representation a Dirac fermion field can be written as
Ψ =
(
ψL
ψR
)
. (1.45)
Using eqn.(1.44) the fermion mass term, thus, can be written as
mΨ¯Ψ ≡ m(ψ¯LψR + ψ¯RψL). (1.46)
Now, from Table 1.1 we see that left-handed fermions are doublet while the right-handed
are singlet under the SU(2)L gauge transformation. So neither the term ψ¯LψR nor ψ¯RψL is
invariant, and hence neither is Ψ¯Ψ. Thus we see that the fermion mass term mΨ¯Ψ is invariant
under the SU(3)C gauge transformation but not under SU(2)L.
This problem can be cured with the help of the Higgs scalar multiplet. Using the Higgs doublet
we can write an Yukawa interaction term
yΨ¯ΨΦ + h.c. (1.47)
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where y is the Yukawa coupling. To be more precise, for the first generation lepton sector, we
can write,
Lelectron = −ye(ν¯e e¯)L
(
φ+
φ0
)
eR + h.c. (1.48)
Once we replace the Higgs field, due to spontaneous symmetry breaking, by
Φ(x) =
(
0
1√
2
(v + h(x) )
)
(1.49)
we will have a mass term in the Lagrangian as
Lelectron = −me(e¯LeR + e¯ReL) with, me = yev√
2
. (1.50)
To generalize for all the matter fields we can write the Yukawa interaction terms, using the
notation used in Table 1.1, as
L = −Y uij Q¯LiquRj Φ˜− Y dijQ¯LiqdRjΦ− Y lijL¯LilRjΦ + h.c (1.51)
where, Φ˜ = −iσ2Φ∗, Y u, Y d, Y l are the up-quark, down-quark and charged lepton Yuakwa
coupling constant matrices respectively. One point to be noted is that the particle content,
listed in the Table 1.1, in the SM does not contain any right-handed neutrino. It was conspired
just to explain the then accepted zero mass of the neutrino. Once, the Higgs field gets a vev,
v, then the Lagrangian takes the form fLmffR with the mass matrices
(mu)ij = Y
u
ijv, (md)ij = Y
d
ijv, (ml)ij = Y
l
ijv, (1.52)
where, f = (u, c, t)T or (d, s, b)T or (e, µ, τ)T represent the three generations of fermion fields.
These mass matrices are in the flavour basis, not the mass basis.
1.5 Shortcomings of the standard model
Some unattractive features of the standard model have been noted in sec. 1.1. Besides the
non-zero neutrino mass, there are several conceptual shortcomings of the standard model. The
standard model contains 19 parameters - three gauge couplings g1, g2, g3, six quarks and three
charged-leptons masses, one CP-violating phase, three CKM mixing angles, the quadratic and
quartic coupling constants for the Higgs scalar potential and strong CP parameter. The stan-
dard model does not say anything about the fourth force, namely the gravitational interaction.
At the scale of Planck mass, MP , we need a theory of quantum gravitation which will also
describe the dynamics of particles governed by the gravitational interaction in addition with
other forces. Although, to reduce the large number of parameters one can extend the theory of
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unification, but the point one may ask is can it predict different observables like mixing angles,
fermion masses etc properly? What is the origin of three generations of fermions?
In order to remove these shortcomings, physicists have come up with different new options like
Grand Unified Theory (GUT), Supersymmetry, Extra Dimensions etc. to extend the standard
model. A brief introduction to these are given below.
1.6 Grand unified theory
A general aesthetic of physics is that the more symmetrical a theory is, the more “beautiful”
and “elegant” it is. In this view, the Standard Model gauge group, which is the direct product
of three groups, is not a truly satisfactory one. In analogy with the 19th-century unification of
electricity with magnetism into electromagnetism, and especially the success of the electroweak
theory, which utilizes the idea of spontaneous symmetry breaking as discussed in previous
sections, to unify electromagnetism with the weak interaction, it is natural to attempt to unify
all three groups in a similar manner. Three independent gauge coupling constants and a huge
number of Yukawa coupling coefficients require far too many parameters, and it would be
elegant if these coupling constants could be explained by a theory with fewer parameters. A
gauge theory based on a simple group has only one gauge coupling constant, and since the
fermions are now grouped together in larger representations, there are fewer Yukawa coupling
coefficients as well. In order to get unification [5] of all three interactions we need a bigger group
which will contain the standard model gauge group SU(3)C×SU(2)L×U(1)Y and, in addition,
this gauge group has to break down to the standard model gauge group at some higher scale
in such a way that it will predict different mass and mixing angles at the low energy scale.
1.6.1 SU(5) GUT model
The first attempts of grand unification were made by Pati and Salam [6] to unify quarks and
leptons within SU(2)L × SU(2)R × SU(4)C , known as the Pati-Salam gauge group (GPS). In
this scenario lepton is treated as the fourth component of the colour quantum number of the
SU(4)C gauge group. Another approach independently proposed by Georgi and Glashow in
1973 [7] considers SU(5), which is of rank 4 (same as the SM gauge group), as the unified
group. It has a few advantages; like, it gives a beautiful way of unifying all the three standard
model gauge couplings. In this SU(5) GUT model there is a unique way to accommodate all
the fifteen quarks and leptons in the 5¯ and 10 representations. The break up of these two
multiplets of the SU(5) group in terms of the SM gauge group SU(3)C × SU(2)L×U(1)Y are:
5 ≡ (3, 1,−1
3
)⊕ (1, 2, 1
2
) and 10 ≡ (1, 1, 1)⊕ (3¯, 1,−2
3
)⊕ (3, 2, 1
6
). (1.53)
The right-handed down quark d ≡ (dr, dg, db) and right-handed (e+, ν˜e) doublet can preferably
be put into the 5¯ representation respectively. On the other hand the singlet charged left-handed
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anti-lepton e+, the left-handed u, d quark doublet and left-handed anti-u quark singlet uc will
be in 10, the antisymmetric part of the product of two 5 plets.
Similarly, 24(= 52−1) gauge bosons associated with the SU(5) gauge group can be decomposed
as follows:
24 ≡ (8, 1, 0) + (1, 3, 0) + (1, 1, 0) + (3, 2,−5
6
) + (3¯, 2,
5
6
) (1.54)
which are the gluons, electro-weak gauge bosons and the new heavy X,Y gauge bosons. These
new gauge bosons, X and Y, mediate the proton decay. One can have, for example, for the
decay mode,
M(p→ e+π0) ∼ g
2
m2X
, (1.55)
where g is the GUT gauge coupling constant. Hence, the proton lifetime is
τp ∼ m
4
X
g4m5p
. (1.56)
Non-observation of proton decay puts a lower limit on these heavy gauge boson masses
mX,Y > 10
15 GeV (1.57)
We have the normalisation of the generators of the GUT gauge group as
Tr(tatb) = Nδab (1.58)
where, N is the normalisation constant. Invariance under the gauge group G means all observed
gauge couplings are the same as that of the unified gauge group. Unlike the SU(2)L and SU(3)C
couplings, eqn. (1.58) does not fix the scale of the U(1)Y coupling constant. It would not change
the physics if we divide it by a constant factor c and simultaneously multiply the hypercharge
Y by the same factor.
As stated above, considering τ
a
2
as the SU(2) generators we choose,
Tr(
τa
2
τ b
2
) =
1
2
δab. (1.59)
So, let us assume that the Y = c(y
2
) is the generator of the unified gauge group, in addition with
the unchanged SU(2)L and SU(3)C generators. Now, in the unified scenario all the generators
have common normalisation factor as a result we have,
Tr(c2(y/2)2) = Tr(T3)
2 (1.60)
with T3, the third SU(2)L generator. The trace is over all particle states in the representation.
In the SM framework for one generation these are u, d, νe and e
−. Thus for the above relation
we have,
3(
1
4
+
1
4
) +
1
4
+
1
4
= c2(3(
1
6
)2 + 3(
1
6
)2 + 3(
2
3
)2 + 3(−1
3
)2 + (−1
2
)2 + (−1)2 + (−1
2
)2). (1.61)
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This implies,
c =
√
3
5
, (1.62)
and, hence the properly normalized generator is
Y =
√
3
5
y
2
. (1.63)
Thus, for the standard model scenario, we have
gSU(5) = g1
√
5
3
and gSU(5) = g2, (1.64)
and (eqn.(1.40)) leads to tanθW =
√
3
5
, hence, sin2θW =
3
8
.
Generally, the SU(5) symmetry is broken down to the low energy SU(3)C×U(1)Q by two Higgs
scalars Φ24 and H5 which are in the adjoint 24 and 5 of SU(5). The breakdown of these two
Higgs multiplets in the SU(3)C ×SU(2)L×U(1)Y representation are given in eqns. (1.54) and
(1.53) respectively.
When the neutral component (1, 1, 0) of the the Φ24 gets a vev at the GUT scale, SU(5) breaks
to the SM gauge group while getting a nonzero vev for H5 at the electro-weak scale breaks the
SM down to SU(3)C × U(1)Q.
The stepwise breakdown of the gauge symmetry in this case, thus, is
SU(5)
Φ24
(MU)
→ SU(3)C × SU(2)L × U(1)Y H5
(MZ)
→ SU(3)C × U(1)Q. (1.65)
Gauge hierarchy problem
A major difficulty of the standard model is the gauge hierarchy problem [8]. In order to realise
this hierarchy between MU and MZ and hence the problem of naturalness let us calculate the
quadratic divergence for the Higgs mass due to standard model fermions.
Figure 1.2: One loop fermionic correction to the Higgs mass
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The one loop correction to the Higgs mass mH is obtained by calculating the two point function:
Πfhh = (−1)
∫
d4k
(2π)4
Tr
{
(
−iλf√
2
)
i
6 k −mf (
−iλf√
2
)
i
6 k −mf
}
, (1.66)
where λf is the fermion-scalar-fermion coupling constant. The loop momentum k can take any
value from zero to infinity. This leads to a correction which is infinite and makes the theory
ill-defined. So, we assume that our theory is valid upto a cut-off scale Λ. The above integration,
thus, becomes
Πfhh = −2λ2f
∫ Λ
0
d4k
(2π)4
[
1
k2 −m2f
+
2m2f
(k2 −m2f)2
]
= − λ
2
f
8π2
Λ2 + ... (1.67)
Thus the corrected Higgs (mass)2 is
m2H = m
2
H0
+ δm2H (1.68)
where the correction δm2H is proportional to the Π
f
hh. In GUT we have a new scale at 10
16 GeV.
If there is no new physics before this scale then Λ ∼ 1016 GeV and to have a Higgs mass of
O(100 GeV) a fine-tuning of the co-efficient λf to 1 part in 1026 is needed.
1.6.2 SO(10) GUT model
SO(10) is a possible useful GUT gauge group for the unification of the SM [9]. It is a group of
rank 5, unlike the SM gauge group which is of rank 4. As the rank is the maximum number of
diagonal generators of the group, so the extra diagonal generator of this unified gauge group
will define another quantum number, which can be identified as (B − L) for the left-right
symmetric version of this theory. Due to the presence of an extra diagonal generator, SO(10)
can be broken to the standard model in various ways.
One good feature for the group is that in a single multiplet 16 it can accommodate all the
standard model fermions in addition with a standard model gauge singlet right-handed neu-
trino, needed to explain the tiny neutrino mass. This group can support left-right symmetry,
represented by the gauge group SU(3)C × SU(2)L × SU(2)R × U(1)(B−L) ≡ GLR. We consider
this class of SO(10) models below.
There are two broad classes of minimal SO(10) models: those with only doublet Higgs scalars
(Model I) and the conventional left-right symmetric model including triplet Higgs scalars (Model
II). In both versions, a bi-doublet Higgs scalar Φ ≡ (1, 2, 2, 0) under GLR, gives mass to the
charged fermions and also a Dirac mass to the neutrinos1. In an SO(10) GUT, this bi-doublet Φ
1Note that in sec. 1.4.4, in case of SM, the charged fermions acquired masses due to the Higgs mechanism
eqn.(1.50) but the neutrino was massless as there was no right-handed neutrino. Presence of a right-handed
neutrino in the left-right symmetric model changes the perspective.
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belongs to the representation 10, 120 or 126. Usually a 10 representation is chosen. However,
for correct fermion mass relations [10], a 126 representation containing the field Φ′ ≡ {15, 2, 2}
under the group SU(4)C × SU(2)L × SU(2)R ≡ GPS is often also included.
The main differences between Models I and II lie in the Higgs sector and the generation of
neutrino masses. Lepton number violation in these models arises from the Higgs scalars that
break the B − L symmetry and hence the left-right symmetry. In Model I, the left-right
symmetric group GLR is broken by an SU(2)R doublet Higgs scalar χR ≡ (1, 1, 2,−1) when
its neutral component acquires a vev 〈χ◦R〉 ∼ vR. Left-right parity implies the presence of an
SU(2)L doublet Higgs scalar χL ≡ (1, 2, 1,−1). The vev of the neutral component of this field,
〈χ◦L〉 ∼ vL, in addition to 〈Φ〉, breaks the electroweak symmetry.
In Model II, an SU(2)R triplet Higgs scalar ∆¯R ≡ (1, 1, 3, 2) breaks the left-right symmetric
group GLR. When the neutral component acquires a vev, 〈∆¯◦R〉 ∼ vR, it gives Majorana masses
to the right-handed neutrinos breaking lepton number by two units. When the bi-doublet Higgs
scalar Φ breaks the electroweak symmetry, this leads to the small see-saw neutrino mass [11].
Due to left-right parity, there is also an SU(2)L triplet Higgs scalar ∆¯L ≡ (1, 3, 1, 2). Although
these scalars have a mass at the parity breaking scale MR, the vev of the neutral component
of this field is extremely tiny and can give small Majorana masses to the left-handed neutrinos
leading to a new type of see-saw mechanism.
Models I and II have the same symmetry breaking chain:
SO(10)
210 (MU )−→ SU(3)C × SU(2)L × SU(2)R × U(1)B−L
16 or 126 (MR)−→ SU(3)C × SU(2)L × U(1)Y
10 (MZ)−→ SU(3)C × U(1)Q
At the GUT scale, the symmetry is broken by the vacuum expectation value of a 210-
dimensional representation of SO(10). The 210 has a singlet under the subgroup GPS, i.e.,
{1, 1, 1}, which is odd under parity. When this field acquires a vev, SO(10) is broken to GPS
and D-parity is also spontaneously broken (i.e., g2L 6= g2R). To keep D-parity intact at this
level we have to look elsewhere. The SO(10) 210 also contains a {15,1,1} under GPS which is
D-parity even. This is the field to which the vev must be ascribed to get the desired symmetry
breaking to GLR while keeping D-parity intact.
The left-right symmetry, GLR, is broken by the vev of the fields F + F¯ , where F is a 16(≡ Γ)-
dimensional representation for Model I and a 126-dimensional representation for Model II.
Finally, the electroweak symmetry breaking takes place by the vev of a 10-plet of SO(10). In
the minimal models under consideration, there are no other Higgs representations.
The breakdown [12] of the 16 multiplet of SO(10) under the SU(4)C × SU(2)L × SU(2)R is
16 ≡ (4, 2, 1)⊕ (4¯, 1, 2). (1.69)
This 16-multiplet, thus, in addition with the left-handed particles also contains the left-handed
anti-particles (equivalently the right-handed particles).
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A 16-dimensional multiplet can be written as
Ψ =
 ψ0ψj
ψjk
 (1.70)
where, in the language of SU(5) representations
Ψ(16) ≡ ψ0(1)⊕ ψj(5¯)⊕ ψij(10) (1.71)
with,
ψ0 = N
c, ψj ≡ L+ dc ≡

dc1
dc2
dc3
e−
νe
 , ψij ≡ (Q + U c + Ec) ≡

0 uc3 −uc2 u1 d1
0 uc1 u2 d2
0 u3 d3
0 e+
 .(1.72)
Let us consider the following symmetry breaking chain
SO(10)
210 (MU )−→ SU(3)C × SU(2)L × SU(2)R × U(1)B−L
16 or 126 (MR)−→ SU(3)C × SU(2)L × U(1)Y
10 (MZ)−→ SU(3)C × U(1)Q
An obvious question comes in our mind is what is the normalisation factor for the B − L
quantum number, c.f. the case of the hypercharge quantum number in sec. 1.6.1. Let us
define different quantum numbers for all the members of a 16-dimensional multiplet in the
SU(2)L × SU(2)R × U(1)B−L × SU(3)C group notation as:
QL ≡
(
u
d
)
L
≡ (2, 1, 1
3
, 3) ⊂ 16, ψL ≡
(
ν
e
)
L
≡ (2, 1,−1, 1) ⊂ 16,
QR ≡
(
u
d
)
R
≡ (1, 2, 1
3
, 3) ⊂ 16, ψR ≡
(
ν
e
)
R
≡ (1, 2,−1, 1) ⊂ 16. (1.73)
For these particles we have,
Tr
(
k2(B−L
2
)2
)
= k2
(
3(1
6
)2 + 3(1
6
)2 + 3(1
6
)2 + 3(1
6
)2 + (−1
2
)2 + (−1
2
)2 + (−1
2
)2 + (−1
2
)2
)
= k2
4
3
(1.74)
where, the factor 3 arises due to colour while ‘k’ is the normalisation factor to be determined.
In comparison with the Trace of the SU(2) generator, which is
Tr
(
I23L
2
)
= 3(
1
4
+
1
4
) +
1
4
+
1
4
= 2 (1.75)
we have 4
3
k2 = 2 i.e. k =
√
3
2
.
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1.6.3 Renormalisation group equations
The renormalisation group, in quantum field theory, tells us how different couplings evolve
with energy. But before discussing the renormalisation group equations (RGE) an obvious
question is: what is renormalisation [2]? In QFT, Green function is a most important thing
to be calculated. In perturbative QFT these quantities are divergent. The systematic way to
remove these divergences is known as renormalisation. There are different ways to cancel these
infinities. In order to renormalise the theory we need a reference point which is also arbitrary.
Different choices of this reference point lead to different sets of parameters for the theory, but
physics should not depend on the arbitrary choice of the reference point and be invariant. This
invariance leads to the renormalisation group. In quantum field theory it is a useful method
to examine the behaviour of physics at a different scale knowing the same at some other scale.
Thus, measuring the observables in a low energy experiment one can compare with the values
predicted from a theory at a higher scale, e.g at the GUT scale and certify about the correctness
of the theory. In the standard model, variations of the gauge coupling constants with energy
are given by the following renormalisation group equations (RGEs)
16π2E
dgi
dE
= big
3
i = βSM(gi) (1.76)
where i stands for U(1)Y , SU(2)L and SU(3)C and the right-hand-side is known as the β-
function of the corresponding coupling2. One can write this equation as
d
dlnE
αi
−1(E) = − bi
2π
. (1.77)
where, αi =
g2i
4π
.
Using the measured values of these coupling constants at the scale MZ as the initial values one
can solve these equations as,
α−1i (E) = α
−1
i (MZ)−
bi
2π
ln
E
MZ
. (1.78)
In the above equations the co-efficients, bi, can be calculated for any SU(N) group as
bi = −11
3
C2(G) +
2
3
nfC2(R) +
1
3
nsC2(R) (1.79)
where C2(R) is the quadratic Casimir operator for the representation R while C2(G) is that for
the adjoint representation. These Casimir operators are discussed below. In the above equation
nf is the number of chiral fermions and ns is the number of complex scalars contributing to
the β-function3.
The generators of a gauge group obey the following rules
Tr[taRt
b
R] = C(R)δ
ab, (1.80)
2This equation is valid for the lowest one-loop order in perturbations theory. At higher orders O(g5) terms
arise.
3For a more general formula which includes two loop contributions one should look at Ref.[13].
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and ∑
a
taRt
a
R = C2(R).1 (1.81)
where, the proportionality constant C2(R) is the quadratic Casimir operator for the particular
representation. One can easily show that the quadratic Casimir operator is related with the
factor C(R) via
C2(R)d(R) = C(R)r (1.82)
where, r is the number of generators (= N2 − 1) of the SU(N) gauge group, equivalent to the
dimension of the adjoint representation, and d(R) is the dimension of the representation R.
According to the convention used in eqn.(1.59), the SU(2) generators follow the relation
Tr[
τa
2
τ b
2
] =
1
2
δab. (1.83)
As stated earlier the bigger GUT SU(N) group will be chosen in such a way that it will contain
the SU(2) as a subgroup. The generators of the SU(N) will also follow the same normalisation
condition – eqn.(1.83) – and, thus, we have C(R) = 1
2
in the fundamental representation.
Immediately eqn.(1.82) implies that for R = N , i.e for the fundamental representation the
quadratic Casimir operator is C2(N) =
N2−1
2N
. For the adjoint representation C2(G) = N . For
the U(1) gauge group these values will be C2(G) = 0 and C2(R) = C(R) = (Y/2)
2.
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Figure 1.3: Evolution of the gauge couplings in the standard model
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So, for the standard model, considering the contribution of all the particles listed in Table 1.1
one has for the three different co-efficients for the gauge groups U(1)Y , SU(2)L and SU(3)C bYb2L
b3C
 =
 4110−19
6
−7
 . (1.84)
where, the GUT normalisation factor 3
5
is already multiplied to calculate the co-efficient for the
U(1)Y gauge group. Using these values of ‘b’ one can find the evolution of the gauge couplings
with energy from eqn(1.78) as depicted in Fig. 1.3 upto one loop contribution only.
It shows that all three standard model gauge couplings are trying to unify at some higher scale
∼ 1015 GeV, comparable to the predicted value of MG from the proton decay limits. Although
in this case they are not unifying exactly, they do so in the supersymmetric scenario.
1.7 Supersymmetry
Supersymmetry is a space-time symmetry which relates the bosonic degrees of freedom to the
fermionic degrees of freedom [14, 15, 16]. The beautiful idea of supersymmetry helps to solve
the gauge hierarchy problem (1.6.1). The one loop radiative correction for the Higgs mass due
to scalar particles in the loop is
δm2H =
λS
16π2
[Λ2 − 2m2Sln
Λ
MS
− ...], (1.85)
where λS is the corresponding coupling for the term in the Lagrangian, viz. −λSH2S2. The
same correction for a fermion-antifermion pair in loop takes the form
δm2H =
|λf |2
8π2
[−Λ2 + 3m2f ln(Λ/mf) + ...] , (1.86)
with λf the coefficient of the term −λfHff¯ in the Lagrangian.
So, we see that a conspiracy between the bosonic and fermionic degrees of freedom can solve
the hierarchy problem. If we postulate that corresponding to each chiral fermion there should
be a complex scalar and vice versa with the condition
λS = |λf |2, (1.87)
which follows in a supersymmetric theory, then the quadratic correction can be erased.
In a supersymmetric transformation a boson changes to a fermion and vice versa. Thus, if Q
is the generator of this transformation then
Q|boson〉 ≡ |fermion〉, and Q|fermion〉 ≡ |boson〉. (1.88)
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Names spin 0 spin 1/2 SU(3)C , SU(2)L, U(1)Y
squarks, quarks Q (u˜L d˜L) (uL dL) ( 3, 2 ,
1
6
)
u u˜∗R u
†
R ( 3, 1, −23)
d d˜∗R d
†
R ( 3, 1,
1
3
)
sleptons, leptons L (ν˜ e˜L) (ν eL) ( 1, 2 , −12)
e e˜∗R e
†
R ( 1, 1, 1)
Higgs, higgsinos H1 (H
+
1 H
0
1 ) (H˜
+
1 H˜
0
1 ) ( 1, 2 , +
1
2
)
H2 (H
0
2 H
−
2 ) (H˜
0
2 H˜
−
2 ) ( 1, 2 , −12)
spin 1/2 spin 1
gluino, gluon g˜ g (8, 1, 0)
winos, W-bosons W˜±, W˜ 0 W±, W 0 (1, 3, 0)
bino, B-boson B˜0 B0 (1, 1, 0)
Table 1.2: Supersymmetric partners with the Standard Model members
Hence, the generator Q has to be fermionic in nature with spin angular momentum 1/2 which
is why supersymmetry is a space-time transformation.
The irreducible representation in which a particle and its superpartner will be accommodated
is known as the supermultiplet. The number of bosonic and fermionic degrees of freedom are
equal in each supermultiplet. There are different types of supermultiplets– the simplest one
is the chiral or matter supermultiplet. It contains a chiral Weyl spinor and a complex scalar
field, both of them are of two degrees of freedom. The gauge or vector supermultiplet is the one
in which a massless spin-1 vector gauge boson (degrees of freedom 2) is kept with it’s fermionic
superpartner, a massless spin-1/2 Majorana fermion, known as the gaugino. The Minimal
Supersymmetric Standard Model (MSSM), thus, contains the standard model particles, Table
1.1, and their corresponding superpartners. The particles in the MSSM are listed in Table 1.2.
Note that in Table 1.2 MSSM requires two Higgs doublets for the following good reasons. Firstly,
to keep the theory free from triangle gauge anomalies we need two Higgs scalar doublet. Since,
the condition for a theory to be free from gauge anomalies is∑
Weyl fermions
Tr
(
(
y
2
)3
)
=
∑
Weyl fermions
Tr
(
T 23
y
2
)
= 0. (1.89)
The standard model itself was anomaly free, but supersymmetric extension of the SM brings
one Weyl spinor, namely the Higgsino H˜1 with hypercharge +
1
2
. This will generate anomalies.
So if we add a new Higgs multiplet (H2, H˜2) with hypercharge opposite to that of the H1
multiplet, then the anomaly will be cancelled again.
Secondly, to make the up-type quarks massive we used Φ∗ in sec. 1.4.4. Analyticity of the
superpotential forces a field of definite chirality only and hence the use of the complex conjugate
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of a field is disallowed. The two complex scalar doublets are
H1 =
(
H1
0
H1
−
)
, H2 =
(
H2
+
H2
0
)
, (1.90)
After spontaneous symmetry breaking the minimum of V0 involves the following two vevs:
〈H01 〉 = v1 and 〈H02〉 = v2. The combination v =
√
v21 + v
2
2 = (
√
2GF )
−1/2 ≃ 246 GeV sets the
Fermi scale. These two different vevs will contribute to the up- and down-type quark masses
respectively. The ratio of these two vevs,
tan β =
v2
v1
(1.91)
is a very useful parameter for the discussion of the supersymmetric phenomenology.
In a supermultiplet both the particle and its superpartner are included, so for exact supersym-
metry both the members should have the same mass. If the superpartners were of same masses,
they would have been already detected in experiments. So far, none of the superpartners is
observed. So, supersymmetry is a broken symmetry. On the other hand, Yuakwa-type coupling
constants for the particles and corresponding antiparticles are already fixed by eqn.(1.87) due
to supersymmetry. The supersymmetry, thus, will be broken softly ; that means the coefficients
of supersymmetry breaking couplings should be of mass dimension less than four and positive
in order to cure the gauge hierarchy problem between the electroweak scale and a higher scale
like, GUT or Planck scale. There are various models to predict the mass spectra for the MSSM
scenario. In general, it is assumed that the origin of supersymmetry breaking is at some higher
scale and that all the superpartner masses will be around the scale MS ∼ TeV, known as the
SUSY scale.
1.7.1 Gauge unification in SUSY
The one-loop renormalisation group equations for the MSSM case is
16π2E
dgi
dE
= big
3
i +Θ(E −MS)(b˜i − bi)g3i = βMSSM(gi), (1.92)
where, Θ is a step function, used due to the fact that the standard model is valid upto scale
MS after which supersymmetry will come into play. The standard model b-coefficients
4 ‘bi’ are
given by eqn.(1.79) while the MSSM b-coefficients are: b˜Yb˜2L
b˜3C
 =
 3351
−3
 . (1.93)
These are the contributions due to the whole supermultiplet i.e both from the SM particles
4Exact b-coefficients between MZ and MS are given in eqn. (2.9).
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Figure 1.4: Evolution of the gauge couplings in the supersymmetric scenario
and the corresponding superpartners. As a result not to overcount the contributions from the
SM particles, the standard model b-coefficients ‘bi’ are subtracted out from the second term in
eqn.(1.92). The evolution of the gauge couplings, thus, is given by
α−1i (E) = α
−1
i (MZ)−
bi
2π
ln
MS
MZ
−Θ(E −MS)
(
b˜i − bi
2π
)
ln
E
MS
. (1.94)
The evolution of the gauge couplings αi(=
g2i
2π
) is depicted in Fig. 1.4. We have already seen
that supersymmetry can solve the gauge hierarchy problem, but in addition Fig. 1.4 shows
that it’s particle content is such that it also gives a very good unification of the standard model
gauge couplings. Also, the unification, like in the SM case, is at such a high scale then it will
not conflict5 with the proton life time predicted in sec. 1.6.1.
1.8 Extra dimensions
In the SM we have seen that the hierarchy problem is arising due to the huge ratio of the
Planck scale, MP l, or the GUT scale, MG, to the electroweak scale. As discussed in the previous
section, supersymmetry provides a beautiful way to solve this hierarchy problem. In that case,
the supersymmetric particles are situated around the TeV scale. Actually to solve the hierarchy
problem if we incorporate any new physics it should appear around that scale to address the
5Note, this huge mass of the X,Y boson will not protect proton from decaying via dimension-5 operator,
which is discussed in Ref. [17].
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huge ratio. More recently, a new kind of physics, Extra Dimension (ED), was introduced in
particle physics. If we can distinguish a fermion from a bosonic particle by measuring the
spin of of the particle at the Large Hadron Collider (LHC) or the International Linear Collider
(ILC), then we can have a distinct signature of the physics of extra dimension from that of
supersymmetry.
Historically, this idea was first introduced by Kaluza and Klein in 1920, to unify the elec-
tromagnetic interaction with the gravitational one by generating the photon from the extra
components of the five-dimensional metric. Nowadays in a more popular and fundamental the-
ory, namely, string theory, it is common to use more than one space dimension, as the theory
is consistent only in the extra-dimensional scenario. There are many open questions about the
extra dimension, e.g, what would be nature of the extra dimension, what is the size of it and
many more. A huge number of phenomenological studies have been pursued in this subject in
this decade. Let us have a closer look on some of these.
Let us consider a massless particle in a 5d Cartesian co-ordinate system, where Lorentz invari-
ance holds. The square, thus, of the 5d momentum gives us
p2 = 0 = gABpApB = p
2
0 − ~p2 ± p25, (1.95)
as gAB = diag(1,−1,−1,−1,±1). This implies that the four-dimensional mass square of the
particle given by
m2 = pµp
µ = p20 − ~p2 = ∓p25, (1.96)
becomes negative if we consider the extra dimension as time-like [18].
0 X X=LX=0
Figure 1.5: Free particle wave function (left), wave function in a compact space (right)
Thus it’s velocity will exceed the velocity of light in vacuum and lead to a problem: the tachyon
state. So in this discussion we will consider a space-like co-ordinate as the extra dimension which
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will be compactified on a circle S1 or S1/Z2 orbifold, for one extra-dimensional scenario, with
radius of compactification R.
Before going into the more detailed discussion of extra dimensions let us recall the well known
quantum mechanical one-dimensional box of size L. As we know, the solution of a particle
moving along the x-direction with momentum p is given by ∼ Aeipx+Be−ipx, here x is infinitely
long, i.e, the physical system is not compact and the particle momentum p takes continuous
values from −∞ to +∞. Let’s go to a bound system. Suppose the potential is infinite outside
the box 0 ≤ x ≤ πR; L = πR is the length of the box, while it is zero inside of the box. With
the proper boundary condition that the wave function vanishes at the boundary, the solution
takes the form ψ = sin nx
R
and the momentum of the particle is given by p = n
R
, where n can take
any integer value. Due to the compactness of the x-dimension, the corresponding momentum
px becomes quantized. In the five-dimensional scenario where the extra space direction y is
compactified in a similar way, the corresponding quantized fifth component of momentum is
given by p5 =
n
R
. Hence a particle which is massless in its zero mode, in the excited states,
according to eqn.(1.96), acquire a mass mn =
n
R
. This implies a large number of massive states
whose mass is inversely proportional to the dimension of the box [18, 19].
1.8.1 Scalar particle in ED
In addition to the four space-time co-ordinates x(~x, t), let us denote the extra space-type co-
ordinate by y, compactified on a circle or radius R. Thus, the Lagrangian of a free complex
scalar Φ(x, y)with mass m will be a function of both x and y co-ordinates with a condition that
the field at y = 2πR will match with that at y = 0, i.e it has a periodicity of 2πR along the y
direction. So one can expand it in a Fourier series as
Φ(x, y) =
1√
2πR
Φ0(x) +
∞∑
n=1
1√
πR
[
Φ+n (x) cos
(ny
R
)
+ Φ−n (x) sin
(ny
R
)]
. (1.97)
The five-dimensional action is given by
S5[Φ] =
1
2
∫
d4x dy
{
(∂AΦ)†(∂AΦ)−m2Φ†Φ
}
with A = 0,1,2,3,5.
With the use of eqn.(1.97) if we replace the scalar field Φ and integrate out the extra dimension
y then the action will correspond to a large number Kaluza-Klein (KK) modes as
S4[Φ] =
1
2
∫
d4x
{
(∂µΦ0)
†(∂µΦ0)−m2Φ†0Φ0
}
+
∞∑
n=1
1
2
∫
d4x
{
(∂µΦ+n )
†(∂µΦ
+
n )−m2nΦ+n †Φ+n
)
+
∞∑
n=1
1
2
∫
d4x
{
(∂µΦ−n )
†(∂µΦ
−
n )−m2nΦ−n †Φ−n
}
, (1.98)
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where the n-th KK mode mass is given as
m2n = m
2 +
n2
R2
. (1.99)
In four-dimensional effective theory, thus, in addition to the zero mode field, we are getting two
different sets – one is even and another odd under the transformation y → −y – of fields when
the extra space dimension is compactified on the circle S1.
1.8.2 Fermion particle in ED
In some models only the scalar bosons are allowed to access the extra dimensions while the
fermions are kept in a fixed point of the extra dimension, called “brane”. In such cases the
above compactification is quite natural but what happens if we intend to allow the fermions as
well to access the extra dimension? Do we have the same set of Kaluza-Klein modes for the
fermionic fields or something else?
Let us consider a fermion Ψ in the five-dimensional field, where the extra space dimension is
compactified the way we discussed in sec. 1.8.1. The five-dimensional spinor can be written as
a two component four-dimensional spinor
Ψ =
(
ψR
ψL
)
. (1.100)
Note that in the five-dimensional field theory, one can construct the five ΓA matrices with
A=0,1,2,3,5, from the usual four-dimensional ones as follows:
Γµ = γµ and Γ5 = iγ5. (1.101)
In 5d the fifth component of the ΓA is constructed from the γ5 matrix, which is used, in four-
dimensions, to define the chiral operator PR/L = (1± γ5). So, in five-dimensions, and it is true
for any odd number of dimensions, there is no chiral operator. To be clear, in eqn.(1.100) the
subscripts L and R are just two component notations only.
Like the scalar field discussion in sec. 1.8.1, let us consider the action for a massless fermion Ψ
as
S =
∫
d4xdy iΨ¯ΓA∂AΨ
=
∫
d4xdy
(
iΨ¯γµ∂µΨ+ Ψ¯γ
5∂yΨ
)
. (1.102)
Due to the symmetry of the fermion field at the point y = 0 and y = 2πR, we can have the
Fourier expansion of the field as
ψL/R(x, y) =
1√
2πR
ψ0L/R(x) +
∞∑
n=1
1√
πR
{
ψ+nL/R(x) cos
(ny
R
)
+ ψ−nL/R(x) sin
(ny
R
)}
. (1.103)
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Once we put these fermions – eqn.(1.103) – in the above action eqn.(1.102) we end up with a
few phenomenological problems.
For example, let us use the zero mode term in eqn.(1.103), then we have
Szero mode =
∫
d4x
∫ 2πR
0
dy
(
1√
2πR
(ψ¯0L + ψ¯
0
R)iγ
µ∂µ
1√
2πR
(ψ0L + ψ
0
R)
)
.
∼
∫
d4x
{
ψ¯0Liγ
µ∂µψL + ψ¯
0
Riγ
µ∂µψR
}
. (1.104)
Thus, for each massless field in five-dimension we are having two massless zero modes in the
four-dimensional effective theory. The four-dimensional fermion is thus vector like in nature.
It is well-known that fermions in the SM are chiral in nature, the left chiral part transforms as
a doublet under SU(2) gauge transformation and the right chiral part transforms trivially. If
the dimensional reduction doubles the state can we regain our chiral nature of the fermion in
its zero mode?
To regain the chiral nature we have to compactify on an S1/Z2 orbifold instead of a circle. The
expansions of different kind of field for the S1/Z2 orbifold will be discussed in sec. 2.3. In that
case, although the higher KK modes of the chiral fermion behave as vector but the zero mode
remains a chiral one.
1.8.3 Vector gauge bosons in ED
Let us consider a vector gauge boson AM with M = 0, 1, 2, 3, 5 in five-dimensional scenario,
where Aµ are the usual four vector bosons while the extra component A5 will be a scalar
6. The
Lagrangian of such a field is given by
L5d = −1
4
FMNF
MN (1.105)
where FMN = ∂MAN − ∂NAM .
The compactification will be like in the two previous sections sec. 1.8.1 and sec. 1.8.2. In the
same way, the periodicity of the field at y = 0 and y = 2πR implies,
AM(x, y) =
1√
2πR
A
(0)
M (x) +
∑
n=1
1√
πR
{
AnM(x)cos
(ny
R
)
+ A˜nM(x)sin
(ny
R
)}
. (1.106)
To discuss different components of an extra-dimensional vector gauge boson, let us assume
a photon field in five-dimensional quantum electrodynamics (QED). In five dimensions this
massless photon has five components. In the effective four-dimensional theory one should
expect a tower of four-component photon fields and a tower of adjoint scalars. Although the
6The coupling of the A
(n)
5 states to fermions involve γ5 and so, strictly, they are pseudoscalars.
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zero mode of the photon has to be massless but the excitations for n 6= 0 will be massive due to
the KK contribution (∼ n/R). In QED there is no spontaneous symmetry breaking. The extra
longitudinal degree of freedom for each of these massive KK gauge bosons will be obtained by
absorbing the adjoint scalar of the same level. In five-dimensional QED, thus, we will have KK
modes of the photon field only, but no KK modes of any adjoint scalar.
The corresponding SM scenario is quite complex. As besides the usual electroweak mass the
weak gauge bosons acquired masses from the KK contribution also, so the usual unphysical
components of the weak scalar doublet will no more be the Goldstone bosons. In reality, the
KK modes of these unphysical fields will mix with the corresponding KK modes of W±5 n and
Z5n, to form three Goldstone modes G
0
n, G
±
n and three physical scalar fields a
0
n and a
±
n [20].
With increasing KK number, the contributions ofW±5 n and Z5n dominate the Goldstone boson
modes while the unphysical components of the weak scalar doublet will, now, become main
part of three physical scalar fields a0n and a
±
n . In addition with these real scalars we will also
have usual higgs boson h and its KK excitations hn.
Before going into the discussion of the universal extra dimension and the field expansion in
the S1/Z2 orbifold let us have a brief discussion on how the large extra dimension scenario can
explain the gauge hierarchy problem.
1.8.4 ADD model and solution of the gauge hierarchy problem
The main motivation of introducing extra dimensions into particle physics was to explain the
huge hierarchy between the electroweak scale ∼ 100 GeV and the Planck scale ∼ 1019 GeV.
The model we discuss in this subsection is the one of Large Extra Dimension (LED), introduced
by Arkani-Hamed, Dimopoulos, Dvali (ADD) [21]. According to this model there exist n extra
spatial dimensions of radius R, which are accessed by only gravity while all other standard
model particles are constrained at a particular point of these extra space dimensions. To fulfill
the requirement it is assumed that the higher dimensional Planck mass M
(4+n)
P l is equal to the
four-dimensional electroweak mass mEW thus evading the vexing hierarchy. Using Gauss’s law
in (4+ n) dimensions, the gravitational potential between two masses m1 and m2 separated by
a distance r >> R is given by
V (r) ∼ m1m2
M
(n+2)
P l(4+n)R
n
1
r
. (1.107)
Thus the four-dimensional effective MP l is
M2P l =M
2+n
P l(4+n)R
n. (1.108)
But, as stated above, our requirement is MP l(4+n) will be ∼ mEW . Thus replacing the same in
the above eqn.(1.108), we have,
M2P l = m
2+n
EWR
n, (1.109)
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implies,
R ∼ 10 30n −17cm×
(
1TeV
mEW
)1+ 2
n
. (1.110)
Thus, the requirement that M
(4+n)
P l will be equal to the electroweak scale ∼ TeV implies
R = 1013 cm for n = 1, instantly excluded due to the huge deviation from Newtonian gravity.
At the time the model was proposed, Newtonian gravity was precisely checked upto 1mm. For
n = 2 from the above formula eqn.(1.110) we have R = 1 mm. Thus models with at least two
extra dimensions with a size of a millimeter can explain the gauge hierarchy problem.
1.8.5 Universal Extra Dimension
A model in which all the standard model particles are allowed to access the extra dimensions
is known as the Universal Extra Dimension (UED) model also known as the ACD model after
its proposers Appelquist, Cheng and Dobrescu [22].
Construction-wise it is very similar to the ADD model, but as in this case, in addition to
gravity, scalars, fermions and vector gauge bosons are also accessing the extra dimension so, as
discussed earlier, it should be compactified on an orbifold S1/Z2 instead of a circle. This orbifold
is nothing but equivalent to the compactification on a circle of radius R with a Z2 symmetry
- identifying y → −y, where y denotes the fifth compactified coordinate. The orbifolding is
crucial in generating chiral zero modes for fermions.
The motivations of universal extra dimensions are quite speculative. Besides providing viable
dark matter candidates the six-dimensional theory can explain from anomaly cancellation why
we have only three generations [23]. Only three generation of fermions can remove the SU(2)
global gauge anomaly. Another good feature about universal extra dimensions is to provide a
natural way to explain the long life time for the proton [24]. They could lead to a new mechanism
of supersymmetry breaking [25], address the fermion mass hierarchy in an alternative way,
provide a cosmologically viable dark matter candidate [26], stimulate power law renormalization
group running [27, 28], admit substantial evolution of neutrino mixing angles defined through
an effective Majorana neutrino mass operator [29], etc. The interesting point is that in this
case the discrete symmetry which removes operators providing dangerous contributions to the
proton decay is not imposed externally but is an essential ingredient for the theory.
With the compactification, as defined, on an orbifolding S1/Z2 for the five-dimensional scenario
the expansion of the five-dimensional gauge bosons, scalars and fermions with the proper use
of boundary conditions are given by
Aµ(x, y) =
√
2√
2πR
A(0)µ (x) +
2√
2πR
∞∑
n=1
A(n)µ (x) cos
ny
R
, A5(x, y) =
2√
2πR
∞∑
n=1
A
(n)
5 (x) sin
ny
R
,
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φ(x, y) =
√
2√
2πR
φ(0)(x) +
2√
2πR
∞∑
n=1
φ(n)(x) cos
ny
R
,
Qi(x, y) =
√
2√
2πR
[(
ui
di
)
L
(x) +
√
2
∞∑
n=1
[
Q(n)iL (x) cos
ny
R
+Q(n)iR (x) sin
ny
R
]]
, (1.111)
Ui(x, y) =
√
2√
2πR
[
uiR(x) +
√
2
∞∑
n=1
[
U (n)iR (x) cos
ny
R
+ U (n)iL (x) sin
ny
R
]]
,
Di(x, y) =
√
2√
2πR
[
diR(x) +
√
2
∞∑
n=1
[
D(n)iR (x) cos
ny
R
+D(n)iL (x) sin
ny
R
]]
,
where i = 1, 2, 3 are generation indices. Above, x(≡ xµ) denotes the first four coordinates, and
as mentioned before, y is the compactified coordinate. The complex scalar field φ(x, y) and the
gauge boson Aµ(x, y) are Z2 even fields with their zero modes identified with the SM scalar
doublet and a SM gauge boson respectively. On the contrary, the field A5(x, y), which is a real
scalar transforming in the adjoint representation of the gauge group, does not have any zero
mode. The fields Q, U , and D describe the 5-dimensional quark doublet and singlet states,
respectively, whose zero modes are identified with the 4-dimensional chiral SM quark states.
The KK expansions of the weak-doublet and -singlet leptons will be likewise and are not shown
for brevity.
Similar to the supersymmetric R-parity in this UED scenario we have Kaluza-Klein parity, in
short KK-parity, which is conserved. This KK-parity is defined as
KK − parity = (−1)n, (1.112)
with n as the KK number of the corresponding states. Thus in any KK-parity conserving process
the lightest Kaluza-Klein particle (LKP) state, with n = 1, cannot decay to the standard model
particles and will be a good example of dark matter.
1.8.6 Bounds on the Universal Extra Dimension
During the discussion of LED scenario, we put some bound on the extra dimension based on
the Newtonian gravitational interaction. In that case all the SM particles were constrained
to be at a single point of the extra dimension so we did not care about the electro-weak or
any other interactions. In the case UED scenario all the SM particles can access the extra
dimensions. On the other hand weak interaction is perfectly measured up to a length ∼ m−1EW ,
much smaller than the LED bound 1mm, so we expect that the bound on the universal extra
dimensions should be much more constraint. Constraints on this scenario from g − 2 of the
muon [30], flavour changing neutral currents [20, 31, 32], Z → bb¯ decay [33], the ρ parameter
[22, 34], other electroweak precision tests [35], implications from hadron collider studies [36],
etc. imply that R−1 ∼> 300 GeV. A recent inclusive B¯ → Xsγ analysis sets a stronger constraint
R−1 ∼> 600 GeV [37].
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This thesis is devoted mainly to explore some of the distinctive characterisicts of new physics
beyond the standard model. In chapter 2 we have presented the power law evolution of gauge,
Yukawa and quartic couplings in the universal extra-dimensional scenario. We have also noted
in this chapter that if supersymmetry is found at the LHC then UED will be out of reach of any
future collider experiment. How the upper limit of the lightest supersymmetric neutral Higgs
mass will be relaxed if supersymmetry is embeded in the extra dimension is discussed in chapter
3. In chapter 4, using three different approaches we have achieved a low intermediate left-right
symmetry breaking scale in the supersymmetric SO(10) Grand Unified Theory. Remaining
within the SM in chapter 5 we have analysed the triquark state using SU(6) unitary scalar
factors and derived tree level pentquark masses. In chapter 6 we have presented the summary
and conclusions of the work.
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Chapter 2
Power law scaling in Universal Extra
Dimension scenarios
2.1 Introduction
In section 1.6.3 we have seen that in the standard model, the gauge couplings (Yukawa and
quartic scalar couplings as well) run logarithmically with the energy scale. The gauge couplings
do not all meet at a point, they tend to unify near 1015 GeV. Such a high scale is beyond the
reach of any present or future experiments. Instead of this logarithmic running, if the gauge
couplings were running exponentially or with a definite power of energy then we could have a
lower GUT scale. Extra dimensions is such a scenario which will lead to a power law running
of the gauge couplings due to the large number of Kaluza-Klein states. Different KK modes
will contribute the same way, as the zeroth mode does, to the gauge coupling evolution once
we cross their corresponding threshold energies. The cumulative effect of this leads to a power
law running of the gauge couplings.
Here we will work in a one UED scenario, where a flat extra dimension is compactified on an
S1/Z2 orbifold as discussed earlier. With this compactification on an orbifolding S
1/Z2 for the
five-dimensional scenario the expansion of the five- dimensional gauge bosons, scalars and the
fermions are already given in sec. 2.3. We examine the cumulative contribution of the KK
states to the renormalisation group (RG) evolution of the gauge, Yukawa and quartic scalar
couplings. Our motive, here, is to extract any subtle features that emerge due to the KK tower
induced power law running of these couplings in contrast to the usual logarithmic running of
the standard 4-dimensional theories, and whether they set any limit on parameters for the sake
of theoretical and experimental consistency.
Let us now clarify the technical meaning of RG running in a higher dimensional context. This
has been extensively discussed in [27] in a general context, and here we merely reiterate it to
put our specific calculations into perspective. Like all other extra-dimensional models, from
a 4-dimensional point of view, the UED scenario too is non-renormalisable due to the infinite
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multiplicity of the KK states1. So ‘running’ of couplings as a function of the energy scale
E ceases to make sense. What we should say is that the couplings receive finite quantum
corrections whose size depend on some explicit cutoff2 Λ. The corrections originate from the
following number of KK states3∫ Λ
1
R
dn = R
∫ Λ
1
R
dE = (ΛR− 1) (2.1)
which lie between the scale R−1 where the first KK states are excited and the cutoff scale Λ.
The couplings will have a power law dependence on Λ as a result of the KK summation. This
cutoff is interpreted as the scale where a paradigm shift occurs when some new renormalisable
physics underlying our effective non-renormalisable framework surfaces.
2.2 Renormalisation Group Equations
We now lay out the strategy followed to compute the RG correction to the couplings from the
KK modes. The first step is obviously the calculation of the contribution from a given KK level
which has both Z2-even and -odd states. Three points are noteworthy and should be taken into
consideration during this step:
1. While the zero mode fermions are chiral as a result of orbifolding, the KK quarks and
leptons at a given level are vector-like.
2. The fifth compotent of the gauge bosons are (Z2 odd) scalars, but in the adjoint repre-
sentation of the gauge group. Such states are not encountered in the SM context.
3. The KK index n is conserved at each tree level vertex.
The first step KK excitation occurs at the scale R−1 (modulo the zero mode mass). Up to
this scale the RG evolution is logarithmic, controlled by the SM beta functions. Between R−1
and 2R−1, the running is still logarithmic but with beta functions modified due to the first KK
level excitations, and so on. Every time a KK threshold is crossed, new resonances are sparked
into life, and new sets of beta functions rule till the next threshold arrives. The beta function
contributions are the same for each of the (ΛR−1) KK levels, which, in effect, can be summed.
After this, the scale dependence is not logarithmic any more, it shows power law behaviour, as
illustrated by Dienes et al in [39]. This illustration shows that if ΛR≫ 1, then to a very good
accuracy the calculation basically boils down to computing the number of KK states up to the
1For a study of ultraviolet cutoff sensitivity in different kinds of TeV scale extra-dimensional models, see
[38].
2The beta functions are coefficients of the divergence 1/ǫ in a 4-dimensional theory. Here, a second kind
of divergence appears when the finite beta functions get corrections from each layer of KK states which are
summed over. This summation is truncated at a scale Λ.
3Since, the energy of the n-th KK-mode is given by E = n
R
, where R is the radius of compactifaction.
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cutoff scale. For one extra dimension up to the energy scale E this number is S = ER, and
Emax = Λ. Then if βSM is a generic SM beta function valid during the logarithmic running up
to R−1, beyond that scale one should replace it as4
βSM → βSM +Θ(E − 1
R
) (S − 1)β˜, (2.2)
where β˜ is a generic contribution from a single KK level. The function Θ(E − 1
R
) is used just
to state that this UED β-function will only occur after an energy scale E ≥ 1
R
. Irrespective of
whether we deal with the ‘running’ of gauge, Yukawa, or quartic scalar couplings, the structure
of Eq. (2.2) would continue to hold. Clearly, the S dependence reflects power law running. How
this master formula (2.2) enters diagram by diagram into the evolution of the above couplings
in the UED scenario constitutes the main part of calculation in this chapter.
2.2.1 Gauge couplings
While considering the evolution of the gauge couplings, we first write β˜gi = b˜ig
3
i . The calculation
of b˜gi would proceed via the same set of Feynman graphs which give the SM contributions b
SM
i
but now containing the KK internal lines. The key points to remember are the presence of
adjoint scalars and doubling of KK quark and lepton states due to their vectorial nature.
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Figure 2.1: Evolution of gauge couplings for UED with R−1 = 1, 5, and 20 TeV. For each of the three
couplings, αi ≡ g2i /4π.
4We refer the readers to eqns. (2.15) and (2.21) of Ref. [39], and the subtleties leading to these equations in
the context of gauge couplings, to have a feel for our Eq. (2.2).
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We obtain
b˜1 =
81
10
, b˜2 =
7
6
, b˜3 = −5
2
, (2.3)
where the U(1)Y beta function is appropriately normalised. Just to recall, the corresponding
SM numbers are given in eqn.(1.84). We have plotted the evolution of gauge couplings in UED
for R−1 = 1, 5, and 20 TeV in Fig. 2.1. The running is fast, as expected, and the couplings
nearly meet around5 30, 138 and 525 TeV, respectively. It is not hard to provide an intuitive
argument for such low unification scales and how they vary with R: roughly speaking, ΛR is
order ln(MGUT/MW ) ∼ ln(1015), where MGUT is the 4-dimensional GUT scale, i.e. the effect of
a slow logarithmic running over a large scale is roughly reproduced by a fast power law sprint
over a short track. The other striking feature reflected in Fig. 2.1 is that the SU(2) gauge
coupling ceases to be asymptotically free: the dominance of the KK matter sector over the
gauge part in b˜2 severely challenges the SU(2) asymptotic freedom. In contrast, the negative
sign of b˜3 causes a precipitous drop in the SU(3) gauge coupling with energy.
2.2.2 Yukawa couplings
(a) (d)
(b) (e) (h)
(c) (f) (i)
(g)
(S − 1)
(S − 1)
2(S − 1) (S − 1)
(S − 1) (S − 1) (S − 1)
(S − 1) (S − 1)
Figure 2.2: Diagrams contributing to Yukawa coupling evolution in the Landau gauge. Solid (broken)
lines correspond to fermions (SM scalars), while wavy lines (wavy+solid lines) represent ordinary gauge
bosons (fifth components of gauge bosons).
5The issue of proton stability in such low scale unification scenarios has been dealt in [24].
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The Feynman diagrams that contribute to the power law evolution of Yukawa couplings (in
Landau gauge) are shown in Fig. 2.2. The contributions come from the pure SM states, their
KK towers, and from the adjoint representation scalars6. The last two contributions, as the
master formula (2.2) indicates, have an overall proportionality factor (S − 1). As we examine
contributions from individual KK states, we see that due to the argument of fermion chirality,
not in all diagrams do the cosine and sine mode states both simultaneously contribute. This
accounts for a relative factor of 2 between the two types of diagrams. For example, in Fig. 2.2a
the fermionic KK modes can only come from cosine expansions, whereas in Fig. 2.2d both cosine
and sine fermion modes contribute. This is why Fig. 2.2a has a multiplicating factor (S − 1),
while for Fig. 2.2d the factor is 2(S − 1). Whereever A5 is involved as an internal line, the
associated KK internal fermions necessarily come from sine expansion, e.g. in Figs. 2.2g, 2.2h
and 2.2i. The above book-keeping has been done for individual graphs and the proportionality
factors have been mentioned for each diagram in Fig. 2.2. The Yukawa RG equations (beyond
the threshold R−1) can be written as (t = lnE):
16π2
dyf
dt
= βSMyf +Θ(E −
1
R
) βUEDyf , (2.4)
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Figure 2.3: Evolution of the top quark Yukawa coupling in the UED scenario (left panel) and (b) the SM
(right panel). UED evolution is shown for three different values of R−1 and the curves are terminated at
the corresponding unification scales.
6A subtle feature is worth noticing. In four dimensions, the calculational advantage of working in Landau
gauge is that some diagrams give vanishing contributions. The argument breaks down in a higher dimensional
context. More explicitly, consider the Figs. 2.2h and 2.2i. These graphs proceed through the exchange of
adjoint A5 scalars and yield non-vanishing contributions. The corresponding figures with Aµ exchange are
absent because they give null results in the Landau gauge.
38
where f generically stands for the up/down quarks or leptons. The SM beta functions βSMyf can
be found e.g. in [40].
The UED contributions to the beta functions βUEDyl,u,d are given by:
βUEDyl = (S − 1)
[
−(21
8
g22 +
129
40
g21) +
3
2
y2l
]
yl + 2(S − 1) [Yl + 3Yu + 3Yd] yl,
βUEDyu = (S − 1)
[
−(12g23 +
21
8
g22 +
9
8
g21) +
3
2
(y2u − y2d)
]
yu + 2(S − 1) [Yl + 3Yu + 3Yd] yu,(2.5)
βUEDyd = (S − 1)
[
−(12g23 +
21
8
g22 +
9
40
g21) +
3
2
(y2d − y2u)
]
yd + 2(S − 1) [Yl + 3Yu + 3Yd] yd,
with Yl =
∑
l y
2
l , Yd =
∑
d y
2
d, and Yu =
∑
u y
2
u. To illustrate how the power law dependence of
Yukawa couplings quantitatively compares and contrasts with their 4-dimensional logarithmic
running, we have exhibited in Fig. 2.3 the behaviour of the top-quark Yukawa coupling in the
two cases.
Another consequence of unification in many models is a prediction of the low energy value of
mb/mτ . This ratio, unity at the unification scale, at low energies takes the values 4.7, 4.2, and
3.9 for 1/R = 1, 5, and 20 TeV, respectively. Admittedly, mb is on the high side; a limitation
which perhaps may be attributable to the one-loop level of the calculation.
2.2.3 Quartic scalar coupling and the Higgs mass
The one-loop diagrams through which the KK modes contribute to the power law running of
the quartic scalar coupling λ (in Landau gauge) are shown in Fig. 2.4. As clarified before in
the case of Yukawa running, the extra factor of 2 in front of (S − 1) for some graphs indicates
that cosine and sine KK modes both contribute only to those graphs. The evolution equation
can be written as
16π2
dλ
dt
= βSMλ +Θ(E −
1
R
) βUEDλ (2.6)
The expressions for βSMλ can be found e.g. in [41]. The UED beta functions are given by
βUEDλ = (S − 1)
[
3g42 +
6
5
g22g
2
1 +
9
25
g41 − 3λ(3g22 +
3
5
g21) + 12λ
2
]
+ 2(S − 1)
[
4 (Yl + 3Yu + 3Yd)λ− 4
∑
l,u,d
(
y4l + 3y
4
u + 3y
4
d
)]
. (2.7)
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Figure 2.4: Diagrams contributing to quartic scalar coupling evolution. The conventions are the same as
in Fig. 2.2.
The evolution of λ has interesting bearings on the Higgs mass. In the standard 4-dimensional
context, bounds on the Higgs mass have been placed on the grounds of ‘triviality’ and ‘vacuum
stability’ [42]. What do they imply in the UED context? The ‘triviality’ argument requires
that λ stays away from the Landau pole, i.e. remains finite, all the way to the cutoff scale Λ.
The condition that 1/λ(Λ) > 0 can be translated to an upper bound on the Higgs mass (mH)
at the electroweak scale when the cutoff of the theory is Λ. This has been plotted in Fig. 2.5
(the upper curves) for three different values of R. A given point on that curve (for a given
R) corresponds to a maximum allowed mH at the weak scale; for a larger mH the coupling λ
becomes infinite at some scale less than Λ and the theory ceases to be perturbative. Clearly,
this mmaxH varies as we vary the cutoff Λ . The argument of ‘vacuum stability’ relies on the
requirement that the scalar potential be always bounded from below, i.e. λ(Λ) > 0. This can
be translated to a lower bound mminH at the weak scale. The lower set of curves in Fig. 2.5 (for
three values of R−1) represent the ‘vacuum stability’ limits, the region below the curve for a
given R being ruled out. Recalling that the cutoff is where the gauge couplings tend to unify,
we observe that the Higgs mass is limited in the narrow zone
148 ∼< mH ∼< 186 GeV (2.8)
in all the three cases, for a zero mode top quark mass of 174.2 GeV. Admittedly, our limits
are based on one-loop corrections only. That the upper and lower limits are insensitive to the
choice of R is not difficult to understand, as what really counts is the number of KK states,
given by the product ΛR, which, as mentioned before, is nearly constant, order ln(1015). The
limits in Eq. (2.8) are very close to what we obtain in the SM at the one-loop level, namely
147 ∼< mSMH ∼<189 GeV (see also [43], where one-loop SM results have been derived7).
7The SM two-loop limits are [42]: 145 ∼< mSMH ∼< 168 GeV for mt = 174.2 GeV.
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Figure 2.5: Bounds on the Higgs mass at the electroweak scale in the UED scenario from the triviality
and vacuum stability conditions for R−1 = 1, 5, and 20 TeV. See text for details.
2.2.4 Supersymmetric UED
What happens if we take the supersymmetric (SUSY) version of UED? A 5-dimensional N = 1
supersymmetry when perceived from a 4-dimensional context contains two different N = 1
multiplets forming one N = 2 supermultiplet. For a comprehensive analysis, we refer the
readers to [27]. There are two issues that immediately concern our analysis. First, unlike in
the non-SUSY case, the Higgs scalar in a chiral multiplet will now have both even and odd
Z2 modes on account of degrees of freedom counting consistent with supersymmetry. Also,
there will be two such N = 2 chiral supermultiplets to meet the requirement of supersymmetry.
Second, in the RG evolution two energy scales will come into play. The first of these is the
supersymmetry scale, called MS, which we take to be 1 TeV. Beyond MS, supersymmetric
particles get excited and their contributions must be included in the RG evolution. The second
scale is that of the compactified extra dimension 1/R, which we take to be larger than MS.
The gauge coupling evolution must now be specified for three different regions. The first of
these is when E < MS where the SM with the additional scalar doublet
8 beta functions are in
control. In this region:
b1o =
21
5
, b2o = −10
3
, b3o = −7. (2.9)
8SUSY requires two complex scalar doublets.
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Once MS is crossed and up until 1/R, we also have the superpartners of the SM particles
pitching in with their effects. The contributions of the SM particles and their superpartners
together are given by:
b1s =
33
5
, b2s = 1, b3s = −3. (2.10)
Finally, when the KK-modes are excited (E > 1/R) one has further contributions from the
individual modes:
b˜1 =
66
5
, b˜2 = 10, b˜3 = 6. (2.11)
Thus, beyond 1/R, the total contribution is given by
btoti = bio +Θ(E −MS) (bis − bi0) + Θ(E −
1
R
) (S − 1) b˜i, (2.12)
Not unexpectedly, for the SUSY UED case, gauge unification is possible. We observe that the
introduction of this plethora of KK excitations of the SM particles and their superpartners
radically changes the beta functions; so much so, that the gauge couplings tend to become non-
perturbative before unification is achieved. For clarity, we make the argument more explicit
below. First, from Eqs. (2.10) and (2.11) we note that the dominance of the KK matter over
the KK gauge parts is so overwhelming that the SU(3) beta function (b˜3) beyond the first
KK threshold ceases to be negative any longer. The other two gauge beta functions, which
were already positive with contributions from zero mode particles plus their superpartners,
become even more positive. So the curves for all the three gauge couplings would have the
same sign slopes once the KK modes are excited. As a result, with increasing energy the
three curves for α−1g would dip with a power law scaling fast into a region where the couplings
themselves become too large at the time they meet. Therefore, in order that all of them remain
perturbative during the entire RG evolution, the onset of the KK dynamics has to be sufficiently
delayed. This requirement imposes R−1 ∼> 5.0× 1010 GeV. In effect, this implies that the twin
requirements of a SUSY-UED framework as well as perturbative gauge coupling unification
pushes the detectability of the KK excitations well beyond the realm of the LHC.
2.3 Conclusions and Outlook
As the LHC is getting all set to roar in 2008, expectations are mounting as we prepare our-
selves to get a glimpse of new and unexplored territory. New physics of different incarnations,
especially supersymmetry and/or extra dimensions, are crying out for verification. How does
the landscape beyond the electroweak scale confront the evolution of the gauge, Yukawa and
scalar quartic couplings? Will there be a long logarithmic march through the desert all the
way to 10(16−17) GeV, or is a power law sprint awaiting us with a stamp of extra dimensions?
In which way does the latter quantitatively differ from the former has been the subject of our
investigation in the present chapter. We observe the following landmarks that characterise the
extra-dimensional running:
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1. The orbifolding renders some subtle features to the RG running in UED. Due to the
conservation of KK number at tree level vertices, the Z2 even and odd KK states selec-
tively contribute to different diagrams. While some diagrams are forbidden, there are
new diagrams originating from adjoint scalar exchanges. In the present chapter we have
performed a diagram by diagram book-keeping leading to the evolution equations.
2. Low gauge coupling unification scales can be achieved without introducing non-
perturbative gauge couplings. The unification scale depends on R, and is approximately
given by Λ ∼ (25− 30)/R.
3. The ‘triviality’ and ‘vacuum stability’ bounds on the Higgs mass have been studied in the
context of power law evolution. This limits the Higgs mass in the range 148 ∼<mH ∼<186
GeV at the one-loop level. The corresponding SM limits at the one-loop level are not
very different.
4. If low energy SUSY is realised in Nature, then the requirement of perturbative gauge
coupling unification pushes the inverse radius of compactification all the way up to ∼ 1010
GeV. Thus if superpartners of the SM particles are observed at the LHC, the nearest
KK states within the UED framework are predicted to lie beyond the boundary of any
observational relevance.
It should be admitted that even if TeV scale extra-dimensional theories are established, the
spectrum might be more complicated than what UED predicts. The confusion is expected to
clear up at least when the low-lying KK states face appointment with destiny within the first
few years of the LHC run. Our intention in the present chapter has been to choose a simple
framework to study power law evolution. Flat extra-dimensional models are particularly handy
as they provide equispaced KK states which allow an elegant handling of internal KK summation
in the loops. UED is an ideal test-bed to conduct this study as it has been motivated from
various angles and subjected to different phenomenological tests.
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Chapter 3
Extra-dimensional relaxation of the
upper limit of the lightest
supersymmetric neutral Higgs mass
3.1 Introduction
The most general symmetries of local relativistic quantum field theories include supersymme-
try, briefly discussed in sec.-1.7, a phenomenological version [14] of which is awaiting a final
judgement within the next few years as the LHC turns on. Indeed, one of the most coveted tar-
gets of the LHC is to capture the Higgs boson, and supersymmetry, admitting chiral fermions
together with their scalar partners in the same representations, tacitly provides a rationale
for treating the Higgs as an elementary object [16]. Furthermore, through the removal of the
quadratic divergence that plagues the ordinary Higgs mass, phenomenological supersymmetry
has emerged as a leading candidate of physics beyond the standard model. A key signature of
the minimal version of supersymmetry is that the lightest Higgs boson mass obeys an upper
bound ∼ 135 GeV, see sec.-3.2.2, – a prediction which will be put to test during the LHC run.
Now, supersymmetry is an integral part of string theory which attempts to provide a quantum
picture of all interactions. Since string theory is intrinsically a higher dimensional theory, a
reanalysis of some 4-dimensional (4d) supersymmetric wisdom in the backdrop of extra dimen-
sions might provide important clues to our search strategies. As we know the main motivation
of LHC is to find the Higgs boson besides examining the new physics. In this chapter we ad-
dress the following question which we believe is extremely timely: What is the upper limit of the
lightest CP-even neutral Higgs mass if the minimal supersymmetric standard model (MSSM)
is embedded in extra dimensions [44]? We consider the embedding first in one and then in two
extra dimensions.
Let us first discuss why this is an important issue. Recall that MSSM has two Higgs doublet
superfields (H1 and H2), and supersymmetry does not allow the scalar potential to have inde-
pendent quartic couplings. Gauge interactions generate them through supersymmetry breaking
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D-terms and the effective quartic interactions are written in terms of the gauge couplings. This
makes the Higgs spectrum partially predictive, in the sense that at the tree level the lightest
neutral Higgs (h) weighs less than mZ (m
2
h < m
2
Z cos
2 2β, where tanβ is the ratio of two vac-
uum expectation values (VEVs)), see sec.-3.2.1. However, mh receives quantum corrections,
see sec.-3.2.2, which, due to the large top quark Yukawa coupling and for heavy stop squarks,
can become as large as ∆m2h ∼ (3GFm4t/
√
2π2) ln(m2
t˜
/m2t ), where mt˜ is an average stop squark
mass [45, 46]. The upper limit on mh is then pushed to around 135 GeV for squark mass in the
O(TeV) range. Notice that the non-observation of the Higgs boson at LEP2 has already set
a lower limit mh > 114.5 GeV [47, 48], which is satisfied only if a sizable quantum correction
elevates the Higgs mass beyond the tree level upper limit of mZ . This implies (i) lower values
of tan β, which is usually chosen in the range 1 < tan β < mt/mb, are disfavoured, and (ii) the
squark mass mt˜ has to be in the TeV range, which also sets the scale of a generic soft super-
symmetry breaking mass MS. The MSSM prediction of a light Higgs is also in line with the
indication coming from electroweak precision tests that the neutral Higgs should weigh below
199 GeV1 [49]. The so called ‘little hierarchy’ problem then arises out of an order of magnitude
mass splitting between the Higgs and the superparticles.
Adding a gauge singlet superfield (N) in the MSSM spectrum and coupling it with H1,2 via the
superpotential λNH1H2 helps to ease the tension. Not only does this next to minimal version
of supersymmetry (the so called NMSSM [50]) help to address the ‘µ problem’, it also generates
a tree level quartic coupling in the scalar potential which modifies the tree level upper limit
on mh through m
2
h < m
2
Z cos
2 2β[1 + 2λ2 tan2 2β/(g2+ g′2)] (see [51]). Assuming λ to be in the
perturbative regime, i.e., λ ∼ g, g′, one basically obtains a new contribution ∼ m2Z sin2 2β to
the tree level m2h. This way the low tanβ regime can be revived. Since many supersymmetric
couplings depend on tanβ, search strategies alter in a significant way if the disfavoured low
tan β region is thus resurrected2 ,3.
In this chapter we adopt a different approach which also revives the low tanβ region. We
stick to the MSSM particle content, but embed it in a higher dimension compactified at the
inverse TeV scale [27]. Although we argued in the beginning that string theory provides a
rationale for linking the two ideas, namely, supersymmetry and extra dimension, establishing
any rigourous connection between the two at the level of phenomenological models is still a long
shot. Here we take a ‘bottom-up’ approach: we first outline what has already been studied
in the phenomenological context of TeV scale extra-dimensional scenarios, and then illustrate
what we aim to achieve in this chapter.
1. As in the previous chapter, we will discuss the physics with one extra dimension first
(with inverse radius of compactification around a TeV) but without supersymmetry and
later for completeness we will also glance at the scenario with two extra dimensions. A
1This indirect upper limit as well as the LEP2 direct search lower limit of mh > 114.5 GeV apply, strictly
speaking, for the SM Higgs. However, in the ‘decoupling limit’ of the MSSM (large mA leading to full-strength
ZZh coupling), which is the region of interest in the present chapter, the above limits continue to hold.
2Low tanβ is preferred by electroweak baryogenesis as well [52].
3The constraint arising from perturbativity of couplings can be evaded if the Higgs is charged under an
asymptotically free gauge group [53].
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typical model is the one UED scenario where all particles access the extra dimension.
Constraint, in general, on this scenario, discussed in the sec-1.8.6, is R−1 ∼> 300 GeV
while a recent inclusive B¯ → Xsγ analysis sets a stronger constraint R−1 ∼> 600 GeV [37].
2. Our object of interest is a supersymmetric theory (e.g. MSSM) but embedded in a higher
dimension. Here we ask the following question: What would be the shift in the Higgs mass
due to radiative effects induced by extra dimensions? The kind of scenario, here, we will
consider is not the exact UED scenario but a modified universal extra dimension (mUED)4
where the SM bosons along with their superpartners access the higher dimensional bulk
in addition with only one generation (here, the third one) of the SM fermions together
with their superpartners. From a 4d perspective, all the states which access the bulk will
have Kaluza-Klein (KK) towers. The zero modes, i.e., those states which do not have
any momenta along the extra coordinates, are identified with the standard 4d MSSM
spectra. Now, not only the top quark and the stop squarks would contribute to the
radiative correction to m2h, their KK partners would do so as well. As it turns out, the
radiative correction driven by the KK states has the same sign as the one from the zero
modes. As a result, ∆m2h becomes larger and thus the upper limit on mh is pushed to
higher values beyond the usual 4d MSSM limit of around 135 GeV. As we shall see, in
the absence of any left-right scalar mixing, the new contribution coming from KK modes
is to a good approximation proportional to R2(m2
t˜
−m2t )/n2. This fits our intuition that
the KK contribution falls with higher KK modes and vanishes both when R→ 0 and in
the limit of exact supersymmetry. We can interpret the result in two ways. Either, we
take large tan β and O(TeV) squark mass that yielded the 4d supersymmetry limit ∼ 135
GeV, in which case the new upper limit shoots up by several tens of GeV. Or, we may
admit lower tan β and/or accommodate lighter zero mode squarks which were hitherto
disfavoured in the 4d context. Either way, the Higgs phenomenology gets an interesting
twist which is intuitively comprehensible and analytically tractable, owing largely due to
the fact that we are here dealing with only one additional parameter, namely, the radius
of compactification. Moreover, the top quark mass which appears with fourth power in
the expression of ∆m2h is now known to a precision better than ever (mt = 170.9 ± 1.8
GeV [54]).
As mentioned before, we have considered the embedding of 4d supersymmetry in one as well
as two extra dimensions. We shall see that qualitatively the KK contributions to the radiative
corrections of mh from 5d and 6d theories are similar, the quantitative estimates differ due
to the different density of KK states in the two cases. In 5d, the KK states are spaced as
n/R (modulo their zero mode masses) where n, an integer, is the KK number, whereas in 6d,
a similar expression holds except n2 ⇒ j2 + k2, where j and k are two different sets of KK
numbers corresponding to the two compactified directions.
Section 3.2 is basically a review of the standard derivation of the upper limit of the lightest
neutral Higgs in conventional 4d MSSM in the effective potential approach. This paves the
4If all the three matter generations are bulk fields, then the theory become non-perturbative too soon, unless
1/R > 5.0× 1010 GeV [28].
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way, in the next section, to upgrade the above derivation for accommodating contributions
from the KK modes of the top quark and squarks in 5d and 6d scenarios. In section 3.4, we
shall comment on the numerical impact of the higher KK modes on the lightest neutral Higgs
mass and its consequences. We shall draw our conclusion in the final section of the chapter.
3.2 MSSM and the neutral Higgs spectrum
3.2.1 Tree level mass relations
Let us start with the discussion what we started in sec.-1.7 that in supersymmetry we have two
complex scalar doublets as
H1 =
(
H1
0
H1
−
)
, H2 =
(
H2
+
H2
0
)
, (3.1)
whose SU(2) × U(1) quantum numbers are (2,−1) and (2,+1) respectively. H01 couples with
down-type quarks and charged leptons, while H02 couples with up-type quarks. This guarantees
natural suppression of flavour-changing neutral currents in the limit of exact supersymmetry.
Now, out of the eight degrees of freedom contained in the two Higgs doublets three are absorbed
as the longitudinal modes of the W and the Z bosons, while the remaining five modes appear
as physical states. Of these five states, two are charged (H±) and three are neutral (h,H,A).
Our present concern is the neutral sector of which (h,H) are CP-even, while A is CP-odd.
The tree level potential involving these two doublets is given by
V = m21|H1|2+m22|H2|2+m212(H1H2+h.c) +
1
8
g22(H
†
2σ
aH2+H
†
1σ
aH1)
2 +
1
8
g1
2(|H2|2− |H1|2)2,
(3.2)
where m21, m
2
2 and m
2
12 are soft supersymmetry breaking mass parameters, g2 and g1 are the
SU(2) and U(1) gauge couplings, and σa (a = 1, 2, 3) are the Pauli matrices. Note that the
quartic coupling is related to the gauge couplings. The part involving the neutral fields is given
by
V0 = m
2
1|H01 |2 +m22|H02 |2 −m212(H01H02 + h.c) +
1
8
(g22 + g
2
1)(|H01 |2 − |H02 |2)2. (3.3)
After spontaneous symmetry breaking the minimum of V0 involves the following two VEVs:
〈H01 〉 = v1 and 〈H02〉 = v2. The combination v =
√
v21 + v
2
2 = (
√
2GF )
−1/2 ≃ 246 GeV sets the
Fermi scale. Let us define shifted neutral Higgs fields as
H01 → H01 +
1√
2
(S1 + iP1) (3.4)
H02 → H02 +
1√
2
(S2 + iP2)
The mass matrix square for the CP-odd sector is given by
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M2Im =
∂2V
∂Pi∂Pj
(3.5)
=
(
m21 +
1
4
(g21 + g
2
2)(v
2
1 − v22) m212
m212 m
2
2 − 14(g21 + g22)(v21 − v22)
)
= m212
( v2
v1
1
1 v1
v2
)
.
As it5 is a singular matrix6, so one of the eigenvalues will be zero which is the mass of the
neutral massless Goldstone boson G0
mG0 = 0 (3.7)
while other one is the CP-odd Higgs boson A whose mass simply is given by the ‘ trace’ of the
matrix as
m2A =
2m212
sin 2β
(3.8)
where,
sin 2β =
2v1v2
v21 + v
2
2
. (3.9)
The CP-even neutral sector mass is
M2Re =
∂2V
∂Si∂Sj =
(
2m21 +
1
2
(g21 + g
2
2)(3v
2
1 − v22) −2m212 − (g21 + g22)v1v2
−2m212 − (g21 + g22)v1v2 2m21 + 12(g21 + g22)(3v22 − v21)
)
(3.10)
and we get CP-even neutral Higgs masses as
m2h,H =
1
2
[
m2A +m
2
Z ∓
√
(m2A +m
2
Z)
2 − 4m2Am2Z cos2 2β
]
, (3.11)
where, by definition, h is the lighter of the two CP-even Higgs.
Using these relations we can have a useful sum rule just by adding m0h and m
0
H from eqn.-(3.11)
m2h +m
2
H = m
2
A +m
2
Z . (3.12)
On the otherhand, from eqn.(3.11), we have
m2H =
1
2
[
(m2A +m
2
Z) + (m
2
A +m
2
Z)
{
1− 4m
2
Am
2
Z cos
2 2β
(m2A +m
2
Z)
2
} 1
2
]
, (3.13)
= m2A +m
2
Z −
m2Am
2
Z cos
2 2β
m2A +m
2
Z
.
5In deriving the second step we have used the minimization condition of the conition of the potetial,
∂V
∂H01
=
∂V
∂H02
= 0 (3.6)
at the minima of the potential i.e at H01 = v1 and H
0
2 = v2.
6A singular matrix is matrix with zero determinant
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Thus we have,
m2H = m
2
A +m
2
Z
1− cos2 2β1 + m2Z
m2
A
 , implies, m2H > m2A (3.14)
or,
m2H = m
2
Z +m
2
A
1− cos2 2β1 + m2A
m2
Z
 , implies, m2H > m2Z . (3.15)
Again, just by multiplying m0h with m
0
H from eqn.-(3.11) we have,
m2hm
2
H = m
2
Zm
2
Acos
2 2β. (3.16)
So, we have the relation,
m2h =
m2A
m2H
m2Zcos
2 2β implies, m2h < m
2
Zcos
2 2β < m2Z , since, m
2
H > m
2
A; (3.17)
and,
m2h =
m2Z
m2H
m2Acos
2 2β implies, m2h < m
2
Acos
2 2β < m2A, since, m
2
H > m
2
Z . (3.18)
Thus, finally, in the tree level we have the inequality
mh ≤ min (mA,mZ)| cos 2β| ≤ min (mA,mZ), (3.19)
i.e., at the tree level (i) the lighter of the two CP-even Higgs (h) weighs less than mZ , and (ii)
the CP-odd Higgs (A) is heavier than h but lighter than H .
3.2.2 Radiative corrections
We shall now discuss how the above tree level relations are affected by quantum loops [45, 46].
We shall confine our discussion on the correction to mh only, and that too at the one-loop level.
We note two important points:
1. Radiative corrections to mh are dominated by the top quark Yukawa coupling (ht) and
the masses of the stop squarks (t˜1, t˜2). For large values of tanβ, the contributions from
the b-quark sector also assume significance. We shall ignore loop contributions mediated
by lighter quarks or the gauge bosons.
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2. The tree level Higgs mass is protected by supersymmetry. In the limit of exact super-
symmetry, the entire quantum correction vanishes. So radiative corrections to mh will be
controlled by MS.
Three different approaches have been adopted in the literature to calculate the radiative cor-
rections to mh: (i) effective potential technique, (ii) direct diagrammatic calculations, and (iii)
renormalisation group (RG) method, assuming MS ≫ mZ and fixing the quartic coupling pro-
portional to (g2 + g′2) at that scale and then evolving down to weak scale. In this chapter, we
shall follow the effective potential approach primarily for the sake of conveniently including the
effect of new physics later.
We first start with an RG-improved tree level potential V0(Q) which contains running masses
m2i (Q) and running gauge couplings gi(Q). The full one-loop effective potential is now given
by
V1(Q) = V0(Q) + ∆V1(Q), (3.20)
where, in terms of the field dependent masses M(H),
∆V1(Q) =
1
64π2
StrM4(H)
{
ln
M2(H)
Q2
− 3
2
}
. (3.21)
The Q-dependence of ∆V1(Q) cancels against that of V0(Q) making V1(Q) independent of Q
up to higher loop orders. The supertrace in Eq. (3.21), defined through
Strf(m2) =
∑
i
(−1)2Ji(2Ji + 1)f(m2i ), (3.22)
has to be taken over all members of a supermultiplet and where m2i ≡ m2i (H) is the field-
dependent mass eigenvalue of the particle i with spin Ji. As an example, the contribution from
the chiral multiplet containing the top quark and squarks is given by
∆Vt =
3
32π2
{
m4t˜1
(
ln
m2
t˜1
Q2
− 3
2
)
+m4t˜2
(
ln
m2
t˜2
Q2
− 3
2
)
− 2m4t
(
ln
m2t
Q2
− 3
2
)}
, (3.23)
where the overall factor of 3 comes from colour. Note that mt˜i and mt in Eq. (3.23) are field
dependent masses. Even though hb ≪ ht, the contribution from the bottom supermultiplet
turns out to be numerically significant in the large tan β region. ∆Vb can be written analogously
to ∆Vt with the appropriate replacements of top and stop masses by bottom and sbottom masses
respectively.
We now explicitly write down the field dependent mass terms. This simply means a replacement
of vi by H
0
i (i = 1, 2) wherever vi appear in the expression of masses. The field dependent top
and bottom quark masses are given by
m2t (H) = h
2
t |H02 |2 ; m2b(H) = h2b |H01 |2. (3.24)
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The field dependent stop and sbottom squark mass matrices are written as
M2t˜ (H) =
(
m2Q + h
2
t |H02 |2 ht(AtH02 + µH01 ∗)
ht(AtH
0
2
∗
+ µH01 ) m
2
U + h
2
t |H02 |2
)
, (3.25)
and
M2
b˜
(H) =
(
m2Q + h
2
b |H01 |2 hb(AbH01 + µH02 ∗)
hb(AbH
0
1
∗
+ µH02 ) m
2
D + h
2
b |H01 |2
)
. (3.26)
In Eqs. (3.25) and (3.26) mQ, mU and mD are soft supersymmetry breaking masses, At and
Ab are trilinear soft supersymmetry breaking mass dimensional couplings, and µ is the super-
symmetry preserving mass dimensional parameter connecting H1 and H2 in the superpotential.
We take both trilinear and the µ couplings to be real. We have neglected the D-term contri-
butions which are small, being proportional to gauge couplings. The squark masses appearing
in Eq. (3.23) are obtained from the diagonalisation of Eq. (3.25).
We now consider the radiative correction to the CP-odd scalar mass matrix. The one-loop
corrected mass matrix square, obtained by taking double derivatives of the full potential with
respect to the pseudo-scalar excitations, can be written as
M2(odd) =
(
tanβ 1
1 cotβ
)
(m212 +∆). (3.27)
The radiative corrections generated as a consequence of supersymmetry breaking are contained
in ∆ = ∆t +∆b, which is given by
∆t(b) = − 3
32π2
h2t(b)µAt(b)[
m2
t˜1(b˜1)
−m2
t˜2(b˜2)
] [f (m2
t˜1(b˜1)
)
− f
(
m2
t˜2(b˜2)
)]
(3.28)
where
f(m2) = 2m2
(
ln
m2
Q2
− 1
)
. (3.29)
The zero eigenvalue corresponds to the massless Goldstone boson which is eaten by the Z boson.
The massive state is the pseudo-scalar A whose radiatively corrected mass square is given by
m2A =
2(m212 +∆)
sin 2β
. (3.30)
The Q-dependence of mA cancels in Eq. (3.30) up to one-loop order. In any case, we shall treat
the radiatively corrected mA as an input parameter.
Now we are all set to calculate the radiative corrections in the neutral CP-even mass eigenvalues.
The one-loop corrected mass matrix square is obtained by taking double derivatives of the full
potential with respect to the scalar excitations and is given by
M2(even) =
(
m2Z cos
2 β +m2A sin
2 β −(m2A +m2Z) sin β cos β
−(m2A +m2Z) sin β cos β m2Z sin2 β +m2A cos2 β
)
+
3
4π2v2
(
∆11 ∆12
∆12 ∆22
)
,(3.31)
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where ∆ij = ∆
t
ij +∆
b
ij . The individual ∆ij ’s are explicitly written below:
∆t11 =
m4t
sin2β
(
µ(At + µcotβ)
m2
t˜1
−m2
t˜2
)2
g(m2t˜1 , m
2
t˜2
),
∆t12 =
m4t
sin2β
µ(At + µcotβ)
m2
t˜1
−m2
t˜2
[
ln
m2
t˜1
m2
t˜2
+
At(At + µcotβ)
m2
t˜1
−m2
t˜2
g(m2t˜1 ,m
2
t˜2
)
]
,
∆t22 =
m4t
sin2 β
ln m2t˜1m2t˜2
m4t
+
2At(At + µcotβ)
m2
t˜1
−m2
t˜2
ln
m2
t˜1
m2
t˜2
+
(
At(At + µcotβ)
m2
t˜1
−m2
t˜2
)2
g(m2t˜1 ,m
2
t˜2
)
 ,
∆b11 =
m4b
cos2β
lnm2b˜1m2b˜2
m4b
+
2Ab(Ab + µtanβ)
m2
b˜1
−m2
b˜2
ln
m2
b˜1
m2
b˜2
+
(
Ab(Ab + µ tanβ)
m2
b˜1
−m2
b˜2
)2
g(m2
b˜1
,m2
b˜2
)
 ,
∆b12 =
m4b
cos2β
µ(Ab + µtanβ)
m2
b˜1
−m2
b˜2
[
ln
m2
b˜1
m2
b˜2
+
Ab(Ab + µtanβ)
m2
b˜1
−m2
b˜2
g(m2
b˜1
,m2
b˜2
)
]
, (3.32)
∆b22 =
m4b
cos2β
(
µ(Ab + µtanβ)
m2
b˜1
−m2
b˜2
)2
g(m2
b˜1
,m2
b˜2
).
where
g(m21,m
2
2) = 2−
m21 +m
2
2
m21 −m22
ln
m21
m22
. (3.33)
Two points deserve mention at this stage:
1. While the leading log contribution appears in ∆22 for the top sector, the same appears in
∆11 for the bottom sector. This happens because the right-handed top quark couples to
H2 while the right-handed bottom quark couples to H1. In the absence of any left-right
scalar mixing, these leading logs are the only radiative contributions.
2. Ignoring the left-right scalar mixing, the radiative shift to the Higgs mass square
coming from the top-stop sector turns out to be ∆m2h = (3/4π
2v2)∆t22 sin
2 β ∼
(3m4t/2π
2v2) ln(m2
t˜
/m2t ), where mt˜ =
√
mt˜1mt˜2 is an average stop mass. This is the ex-
pression we quoted in the Introduction.
3.3 Radiative corrections due to extra dimensions
We now discuss the supersymmetric version of the theory. A 5d N = 1 supersymmetry from
a 4d perspective appears as two N = 1 supersymmetries forming an N = 2 theory. For the
details of the hypermultiplet structures of this theory, we refer the readers to [27]. Our concern
in this chapter is to calculate the radiative contribution to mh coming from the KK partners
of particles and superparticles. We now proceed through the following steps.
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1. Let us first recall that the N = 2 supersymmetry prohibits any bulk Yukawa interaction
involving three chiral multiplets. The Yukawa interaction is considered to be localised
at a brane, like −(ht5/Λ3/2)
∫
d4x
∫
dy δ(y)
∫
d2θ (H2QT + h.c.), where the residual
supersymmetry is that of N = 1, ht5 is a dimensionless Yukawa coupling in 5d and Λ the
cutoff scale. This localisation has a consequence in the counting of KK degrees of freedom
that contribute to the Higgs mass radiative correction. The delta function ensures that
those fields which accompany the sine function after Fourier decomposition do not sense
the Yukawa interaction.
2. As in the case of 4d (zero mode) supersymmetry, here too the dominant effect arises
solely from the third generation quark superfields, only that now we have to include the
contributions from their KK towers. We shall continue to ignore contributions from the
gauge interactions or those from the first two quark families, as they are not numerically
significant. As we are working in the mUED scenario, where only one generation accesses
the bulk and the other two are confined to a brane, then the validity of the theory
extends further, allowing even a perturbative gauge coupling unification, we checked,
around E ∼ 40/R. The five-dimensional Fourier decomposition of the corresponding
superfields from the eqn. (1.111).
3. In our scheme MS and R are independent parameters, although we take them to be of the
same order7. Towards the end of sec-3.4, we briefly remark on the numerical implications
of any possible connection between MS and R.
4. The KK equivalent of Eq. (3.23), which captures the KK contribution arising from the
top quark chiral hypermultiplet, is then given by
∆V nt =
3
32π2
[
m4t˜n
1
(
ln
m2
t˜n
1
Q2
− 3
2
)
+m4t˜n
2
(
ln
m2
t˜n
2
Q2
− 3
2
)
− 2m4tn
(
ln
m2tn
Q2
− 3
2
)]
, (3.34)
where the field dependent KK masses are given by m2
t˜n
1
= m2
t˜1
+n2/R2, m2
t˜n
2
= m2
t˜2
+n2/R2,
and m2tn = m
2
t + n
2/R2. The field dependence is hidden inside the zero mode masses, as
illustrated in Eqs. (3.24), (3.25) and (3.26). The corresponding contribution triggered by
the bottom quark hypermultiplet, ∆V nb , can be written mutatis mutandis.
5. We now calculate the KK loop contribution to the neutral scalar mass matrix. The
procedure will be exactly the same as that followed for the 4d MSSM scenario in the
previous section. Since we are going to treat the radiatively corrected physical mA as an
input parameter, we concentrate only on the CP-even mass matrix. We first take another
look at the expressions of the different ∆ij , assembled in Eq. (3.32), calculated in the
context of the 4d MSSM. The prefactors like m4t or m
4
b originated by the action of double
7This is in contrast to other higher dimensional supersymmetric scenarios in which both the superpartner
masses and the scale of electroweak symmetry breaking arising from quantum loops are set by 1/R, where
R is the distance between the brane at which top quark Yukawa coupling is localised and the brane where
supersymmetry is broken [55]. Higher order finiteness of the Higgs mass, where supersymmetry is broken in the
bulk by Scherk-Schwarz boundary conditions [56], has been discussed in [57].
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differentiation on the field dependent squark or quark masses. Recall that the squark and
quark masses are (quadratically) separated by the soft supersymmetry breaking mass-
squares which are not field dependent. So, irrespective of whether we double-differentiate
the squark or quark masses we get either the top or bottom quark Yukawa coupling8. In
the same way, the KK mass-squares are separated from the zero mode mass-squares by
a field independent quantity n2/R2. Therefore, the expressions for (∆ij)
n, the radiative
corrections from the nth KK level, continue to have the zero mode quark masses m4t or
m4b as prefactors, but now the arguments of the other functions contain the corresponding
KK masses.
We are now all set to write down the expressions for different (∆ij)
n for n 6= 0. They are given
by
(∆t11)
n =
m4t
sin2β
(
µ(At + µcotβ)
m2
t˜n
1
−m2
t˜n
2
)2
g(m2t˜n
1
,m2t˜n
2
),
(∆t12)
n =
m4t
sin2 β
µ(At + µ cotβ)
m2
t˜n
1
−m2
t˜n
2
[
ln
m2
t˜n
1
m2
t˜n
2
+
At(At + µ cotβ)
m2
t˜n
1
−m2
t˜n
2
g(m2t˜n
1
,m2t˜n
2
)
]
,
(∆t22)
n =
m4t
sin2β
lnm2t˜n1m2t˜n2
m4tn
+
2At(At + µ cotβ)
m2
t˜n
1
−m2
t˜n
2
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m2
t˜n
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2
+
(
At(At + µ cotβ)
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1
−m2
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)2
g(m2t˜n
1
,m2t˜n
2
)
 ,
(∆b11)
n =
m4b
cos2β
ln m2b˜n1m2b˜n2
m4bn
+
2Ab(Ab + µ tanβ)
m2
b˜n
1
−m2
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2
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b˜n
1
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2
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(
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m2
b˜n
1
−m2
b˜n
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cos2 β
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−m2
b˜n
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[
ln
m2
b˜n
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b˜n
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+
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−m2
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,m2
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, (3.35)
(∆b22)
n =
m4b
cos2 β
(
µ(Ab + µ tanβ)
m2
b˜n
1
−m2
b˜n
2
)2
g(m2
b˜n
1
,m2
b˜n
2
).
Now we have to add the (∆t)n and (∆b)n matrices to the one-loop corrected (from zero modes
only) mass matrix in Eq. (3.31), sum over n, and then diagonalise to obtain the eigenvalues m2h
and m2H . The KK radiative corrections decouple in powers of (R
2/n2). To provide intuition to
the expressions in Eq. (3.35), we display below the approximate formulae for (∆t)n in leading
powers of (R2/n2):
(∆t11)
n = −1
6
(
R4
n4
)
m4t
sin2 β
[µ(At + µ cotβ)]
2 ,
(∆t12)
n =
(
R2
n2
)
m4t
sin2 β
µ(At + µ cotβ), (3.36)
8This also indicates that by fixing the first and second generation matter superfields at the brane we have
not made any numerically serious compromise as otherwise their contributions would have been adequately
suppressed on account of their small Yukawa couplings.
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(j, k) 1, 0 (1,1) (2,0) (2,1) or (1,2) (2,2) (3,0) (3,1) or (1,3) (3,2) or (2,3) (4,0)
mj,k 1
√
2 2
√
5 2
√
2 3
√
10
√
13 4
Table 3.1: 6d scenario mass spectrum in (1/R) units, neglecting the zero mode mass.
(∆t22)
n =
(
R2
n2
)
m4t
sin2 β
[
(m2t˜1 +m
2
t˜2
− 2m2t ) + 2At(At + µ cotβ)
]
.
Similar expressions for (∆b)n can be written, with appropriate replacements like mt ↔ mb,
cot β ↔ tanβ, etc. So, in the absence of any left-right scalar mixing, the KK contribution to
∆m2h is controlled by R
2(m2
t˜
−m2t )/n2 and its higher powers.
Six-dimensional scenario: For the 6d scenario we follow the compactification on a chiral
square, as done in [58], which admits zero mode chiral fermions. The two extra spatial coordi-
nates (y1, y2) are compactified on a square of side length L, such that 0 < y
1, y2 < πR(≡ L).
The boundary condition is the identification of the two pairs of adjacent sides of the squares
such that the values of a field at two identified points differ by a phase (θ). Nontrivial solutions
exist when θ takes four discrete values (nπ/2) for n = 0, 1, 2, 3 and the zero modes appear when
n = 0. What matters to our calculation in this chapter is the structure of the KK masses, a
generic pattern of which is given by
m2j,k = m
2
0 +
j2 + k2
R2
, (3.37)
where j, k are integers such that j ≥ 0 and k ≥ 0. We display in Table 3.1 the KK mass
spectrum (neglecting the zero mode mass m0 for simplicity of presentation while in the actual
calculation we do keep it). The formalism we developed for 5d will simply go through for 6d.
More concretely, the structure of Eqs. (3.34) and (3.35) would remain the same in 6d, only that
one should now read n⇒ (j, k). The numerical impact in the two cases obviously differ, as we
shall witness in the next section9.
3.4 Results
In this section we explore the consequences of the extra-dimensional contributions to the Higgs
mass encoded in the exact one-loop expressions in Eq. (3.35). But to start with, to get a
feel for the numerical impact of the extra dimensions, consider the scenario pared down to
its bare minimum by assuming that left-right scalar mixing ingredients are vanishing, i.e.,
µ = At = Ab = 0. This leads to two degenerate stop squarks: m
2
t˜
= M2S + m
2
t . Then, for a
moderate tanβ,
∆m2h (n = 0) ∼
3m4t
2π2v2
ln
(
1 +
M2S
m2t
)
; ∆m2h (n 6= 0) ∼
3m4t
2π2v2
(MSR)
2
n2
. (3.38)
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Figure 3.1: The variation of mh with mA in the 5d MSSM for different choices of the supersymmetry
breaking scale (MS) and the compactification radius (R). The width of each band corresponds to the
variation of At and Ab in the range (0.8− 1.2)MS (see text).
Indeed, non-zero trilinear and µ terms would complicate the expressions, yet Eq. (3.38) pro-
vides a good intuitive feel for our results displayed through the different plots. The expected
decoupling of extra-dimensional effects in the 1/R → ∞ limit is transparent in Eq. (3.38),
leaving the logarithmic dependence on the supersymmetry scale, MS .
As stressed already, the primary emphasis in this work is to examine the effect of extra dimen-
sions on the upper bound of mh. In 4d supersymmetry it is usual to choose the pseudoscalar
Higgs mass, mA, as a free parameter and exhibit mh as its function. This has been done for
the extra-dimensional MSSM models in Figs. 3.1 (5d case) and 3.2 (6d case). Let us discuss
them in turn.
In these and the subsequent figures, the parameters involved are chosen as follows:
(a) mQ = mU = mD ≡ MS, which is a common soft supersymmetry breaking mass. Several
values of MS have been chosen in the figures to depict its impact.
(b) The trilinear scalar couplings At and Ab are varied in the range [0.8−1.2] MS . This results
in bands in the figures. We have found that the results are not particularly sensitive to µ and
we hold it fixed at 200 GeV. Also, sign flips in the trilinear couplings do not change the results.
(c) The stop and sbottom (zero mode) mass eigenvalues are calculated from the diagonalisation
of matrices in Eqs. (3.25) and (3.26) after setting the Higgs fields to their VEVs. For a chosen
value of tanβ and MS, those eigenvalues will vary in a range in accord with the variation of At
and Ab stated above.
(d) Since we are interested in probing the upper limit of the lightest Higgs, we maximize its
9Admittedly, the 6d sum is logarithmically sensitive to the cutoff. The low-lying KK states we include reflect
the dominant contribution to the Higgs mass shift. We thank Anindya Datta for raising the 6d divergence issue.
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Figure 3.2: As in Fig. 3.1 but for the 6d MSSM.
tree level mass as much as possible. For displaying our results we have fixed tanβ = 10, a
moderate value for which the tree level mh is almost close to mZ .
In Fig. 3.1 we have displayed the result in the mh-mA plane for only one extra dimension. The
dependence of mh on mA in the MSSM case is mimicked in the extra-dimensional case and mh
settles at its upper limit for mA greater than about 150 GeV. In the left panel, MS has been
fixed at 500 GeV. As anticipated, larger the value of 1/R smaller is the extra- dimensional
impact. The 4d MSSM case corresponds to 1/R → ∞. The width of each band reflects the
variation of the trilinear parameters in the zone mentioned above. For the chosen supersym-
metry parameters, the maximum value of mh is a little below 125 GeV for the 4d MSSM case
while for the extra-dimensional situation it is enhanced to above 135 (130) GeV for 1/R = 600
GeV (1 TeV). In the right panel, the dependence on MS is exhibited holding 1/R at 1 TeV.
Clearly, a larger MS results in bigger radiative corrections – recall Eq. (3.38) – both from the
zero mode as well as from the KK modes.
Fig. 3.2 is a 6d version of Fig. 3.1. While the pure 4d MSSM band remains the same, the KK
radiative effects are larger now due to the denser KK spectrum in the 6d case, specified by two
sets of integers j and k, as shown in Table 3.1. Quantitatively, for an 1/R of 600 GeV (1 TeV),
mh can now be as heavy as 195 (155) GeV, to be compared with 125 GeV in 4d MSSM for
these parameter values.
As mentioned earlier, the current lower bound on mh of 114.5 GeV excludes low values of tanβ
in the 4d MSSM. It is expected that in the extra-dimensional scenarios some of this excluded
range of tan β will make it into the allowed zone. In Fig. 3.3, we have shown the variation of
mh with respect to tanβ (for low values) to illustrate this effect. For the 5d case (left panel),
1/R of even 1.2 TeV eases the tension somewhat while for 1/R of 600 GeV the effect is very
prominent. For 6d (right panel), the extra-dimensional contributions are further enhanced and
the restriction on tanβ is essentially entirely lifted. We should recall that tan β enters in the
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Figure 3.3: The dependence of mh on tan β (zoomed for the low values) in 5d (left panel) and 6d
(right panel) MSSM. The width of each band corresponds to the variation of At and Ab in the range
(0.8 − 1.2)MS .
Higgs couplings to other particles and so the above result has significant bearing on collider
searches of supersymmetry.
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Figure 3.4: The dependence of mh on 1/R for different choices of MS for 5d (left panel) and 6d (right
panel) cases. The ratio
√
6 between At(= Ab) and MS maximises the trilinear contribution.
So far, we have exhibited results for a few choices of the compactification scale, 1/R. Fig. 3.4
demonstrates how the KK-induced radiative correction depends on 1/R for the 5d (left panel)
and 6d (right panel) scenarios. If the Higgs boson is detected at the LHC then using these
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figures one can gain a handle on 1/R dependent on the supersymmetry parameters like MS.
The decoupling behaviour as 1/R increases is in agreement with expectation.
We have also studied, in passing, the possibility that the soft supersymmetry breaking scale
arises from compactification (e.g. through the Scherk-Schwarz mechanism [56]). Let us suppose
MS = C/R, where C is an order one dimensionless constant. Since we are interested in weak
scale supersymmetry breaking, we keep 1/R around a few hundred GeV to a TeV. In this region,
the radiative correction roughly depends on MS and R only through their product (≡ C), and
for a choice of C ∈ [0.5− 2.0], the upper limit on the lightest Higgs mass turns out to be in the
range mh ∈ (150− 230) GeV (5d) and (200− 450) GeV (6d).
It may bear mentioning again that in these calculations we have retained the loop conntributions
from the t and b quarks only. The other quarks and gauge bosons make negligible impact.
Also, we have dealt only with real MSSM parameters and limited our studies up to one-loop
KK contributions. We have not, therefore, included either the two-loop improvements of the
4d MSSM calculations or the numerical effects of the phases associated with complex MSSM
parameters in our discussions (for a recent survey, see [59]).
3.5 Conclusions
One of the virtues for which supersymmetry stands out as a leading candidate of physics beyond
the SM is that it sets an upper bound on the Higgs mass. The lightest neutral Higgs mass,
mh, could at most be mZ at the tree level, but is pushed further obeying a definite relation,
obtained from quantum corrections, involving mh, mt and the stop squark mass, mt˜. The
sensitivity of this correction to mt˜ is only logarithmic. Consequently, a firm prediction results,
namely, that mh ∼< 135 GeV in MSSM for mt˜ ∼< O(1 TeV). This is regarded as a critical test of
supersymmetry and is naturally high on the agenda of the upcoming LHC experiments. Here,
we have probed how much this upper limit could be relaxed, should the MSSM be embedded
in one (S1/Z2) or two (T
2/Z4) extra dimensions. We highlight our main findings:
1. The KK towers of the top quark and stop squarks provide a positive contribution to m2h
raising it by several tens of GeV. If we ignore left-right scalar mixing and assume moderate
tan β ∼ (5 − 10), then using Eq. (3.38) and summing over all the KK modes, we obtain
∆m2h(KK) ∼ (60 GeV)2 × (MSR)2. This is a 5d result. Including the left-right scalar
mixings, i.e., non-zero µ and trilinear parameters, somewhat enhances the magnitude of
the correction (see Fig. 3.1). As in the case of 4d MSSM, here too the size of the correction
is controlled by the large top Yukawa coupling.
2. If we consider a 6d theory with two extra dimensions compatcified on a chiral square,
whose motivations have been mentioned earlier, the correction gets sizably enhanced (see
Fig. 3.2), compared to 5d, due to a denser packing of KK states, which are now fixed by
two independent KK numbers.
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3. Non-observation of a Higgs boson weighing below 114.5 GeV disfavours low tanβ in 4d
MSSM. Some part of this region can be revived by extra-dimensional embedding (see
Fig. 3.3).
4. The 4d MSSM relationship between the lightest neutral Higgs mass and the stop squark
mass is extremely profound in the sense that its specific form does not depend on the su-
persymmetry breaking mechanism. If supersymmetry is embedded in extra dimension(s)
and, with some cooperation from Nature, the KK states happen to be light enough to
mark their imprints on the LHC data recorder, then the relationship between the stop
mass and the Higgs mass alters in a numerically significant way (see Fig. 3.4).
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Chapter 4
Low intermediate scales for
leptogenesis in supersymmetric SO(10)
grand unified theories
4.1 Introduction
An area where the standard model based on the group SU(3)C × SU(2)L × U(1)Y ≡ Gstd
merits improvement is the origin of parity violation. The most natural extension that ad-
dresses this issue is the left-right symmetric model in which the gauge group is enlarged to
SU(3)C ×SU(2)L×SU(2)R×U(1)(B−L) ≡ GLR [60]. Here, the left-handed fermions transform
nontrivially under SU(2)L and are singlet under SU(2)R, while it is the converse for the right-
handed (RH) fermions. It is then possible to extend the definition of parity of the Lorentz
group to all particles and ensure that the theory is invariant under the transformation of par-
ity. Spontaneous breaking of the group SU(2)R would trigger violation of parity in the low
energy theory. It is also possible to break the parity symmetry spontaneously by the vacuum
expectation value of a gauge singlet scalar field which has odd parity [61]. In either case, parity
violation at low energy originates from some spontaneous symmetry breaking at high energy.
Two experimental evidences for the existence of a theory beyond the standard model are the
baryon asymmetry of the universe observed by the Wilkinson Microwave Anisotropy Probe
(WMAP) [62] and the light neutrino mass as noted earlier. The see-saw mechanism can explain
the light neutrino mass while the most viable mechanism to generate the matter antimatter
asymmetry i.e baryon asymmetry is the baryogenesis via leptogenesis through the sphaleron
processes. Actually, the tiny neutrino masses could be related with leptogenesis. In the SM
ν is massless, but by the see-saw mechanism with inclusion of a right-handed neutrino or
triplet Higgs scalar or both one can generate the tiny neutrino mass. The lepton number
violating decays of the right-handed neutrino or the triplet Higgs scalar at some large scale,
62
on the otherhand, can generate a lepton asymmetry1, which is then converted into a baryon
asymmetry of the universe.
As we discussed in sec. 1.6.2 the left-right symmetric extension of the standard model can
emerge from a Grand Unified Theory based on the gauge group SO(10). There are two broad
classes of minimal SO(10) models: those with only doublet Higgs scalars (Model I) and the
conventional left-right symmetric model including triplet Higgs scalars (Model II). The main
differences between Models I and II lie in the Higgs scalar that breaks the left-right symmetry
and the generation of neutrino masses. Lepton number violation in these models arises from
the Higgs scalars that break the B−L symmetry and hence the left-right symmetry. The origin
of leptogenesis is also different in these two models. There is a natural mechanism of resonant
leptogenesis in Model I (see below) while Model II has other advantages.
In Model I there is an extra singlet fermion, S, that combines with the neutrinos and a new
type of see-saw mechanism is operational [63]. There are several interesting features associated
with this. The one relevant here is that the singlet fermions can be almost degenerate with the
neutrinos, leading to resonant leptogenesis naturally in this scenario [64]. On the otherhand
Model II is truly a renormalizable high scale SUSY SO(10) theory of fermion masses and
mixings.
From an analysis of gauge coupling unification, we have determined the scale of left-right
symmetry breaking, which is intimately related to a successful prediction of leptogenesis in
these models. An apparent obstacle arises in the following form: either these models do not
allow any intermediate mass scales or the intermediate left-right symmetry breaking scale comes
out to be large (∼ 1015 GeV). To implement leptogenesis, on the other hand, the left-right
symmetry breaking scale has to be much lower. We exhibit several alternate possibilities which
may provide a way out from this impasse.
The Majorana mass of right-handed neutrinos is given by MN ∼ f˜ vR, where f˜ is the Yukawa
coupling and vR is the vev given to χR, defined in sec. 1.6.2. The right-handed neutrino mass-
scale controls leptogenesis as well as light neutrino masses and, in particular, a value around
109 GeV or lower is favored by the ‘gravitino constraint’ discussed below. Since f˜ does not
affect the experimentally measured charged fermion masses at low energies, one can assign any
value to it, leaving the left-right symmetry breaking scale unrestricted. However, such a low
RH neutrino mass is likely to give too large contributions to the left-handed neutrino masses
through the see-saw mechanism, contradicting experimental observation. The main motivation
of the see-saw mechanism was to avoid arbitrarily small Yukawa couplings, so we shall assume
the value of f˜ to be of order unity 2.
While considering leptogenesis in the minimal supersymmetric SO(10) GUTs, the potential
problem [65] arising from the overclosure of the universe by gravitinos (and its adverse influ-
ence on the successful Big Bang Nucleosynthesis predictions) must be taken into account. This
1The decay should satisfy two necessary Sakharov conditions: i) should have enough CP -violation and ii)
the decay satisfies the out-of-equilibrium condition.
2Here, for simplicity of discussion, we have considered f˜ to be multiplying a unit matrix in flavor space. The
RH neutrino masses can also be lowered through small eigenvalues, if f˜ has a non-trivial matrix structure [66]
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requires the reheating temperature, TRH , to be less than ∼ 108 GeV. Since leptogenesis takes
place just below the scale of left-right symmetry breaking, MR > TRH can make models incon-
sistent with the above or at least unnatural. However, Model I may still be consistent because
it offers the alternative of resonant leptogenesis.
Using renormalization group (RG) equations, in the following sections we examine for both
Models whether gauge coupling unification at all allows a low left-right symmetry breaking scale
which would make successful leptogenesis viable. The simplicity of the minimal supersymmetric
SO(10) GUT allows several interesting predictions. With some standard assumptions it is
possible to determine the mass scales involved in the symmetry breaking. Below, we shall
show that one-loop renormalization group evolution leads to left-right symmetry breaking and
unification scales,
MR
0 ≃ 1.3× 1016 GeV, MU 0 ≃ 2.9× 1016 GeV. (4.1)
M0R andM
0
U are already very close. But, the situation worsens when two-loop RG contributions
are included and we find that no intermediate scales are allowed at all below the unification
scale. All this makes leptogenesis unnatural in this class of models. We suggest some possible
remedies [67].
In this chapter we show how inclusion of GUT-threshold effects, gravitational corrections
through dim.5 operators, or presence of additional light fields near MR, can lower the in-
termediate scale, bringing it even to the range of a few TeV in the doublet model. Thus, in this
model, the gravitino constraint can be easily satisfied leading to successful resonant leptogenesis
at low scales. In addition, the signatures of right-handed gauge bosons, (W±R , ZR), and new
Higgs scalars can be tested at the LHC and ILC. In the triplet model, on the other hand, even
though the GUT threshold corrections are much larger, we derive a bound on the intermediate
scale, MR > 10
9 GeV arising out of the requirement of perturbation theory to be valid, due
to which the scale cannot be reduced further. With this lower bound on MR the triplet model
emerges genuinely as a high scale supersymmetric theory for successful description of fermion
masses and mixings.
The chapter is organised in the following manner. In sec. 4.1.1 we discuss renormalization group
equations and origins of threshold and Planck scale effects. Discussing SUSY SO(10) model
and left-right symmetric breaking in sec. 4.1.2 and 4.2 respectively, we will show in sec. 4.3 how
low intermediate scales are obtained in the doublet model and triplet model. The perturbative
lower bound on MR is derived in sec. 4.4. After making brief remarks on fermion masses and
light scalars in the SUSY SO(10) model in sec. 4.5, we summarise the results and state our
conclusions in sec. 4.6.
4.1.1 General formulation
We have already discussed the renormalisation group superficially for the standard model and
supersymmetric standard model in sec. 1.6.3 and sec. 1.7.1 respectively. Let us first gather
all the RGE with two loop contributions. We have also mentioned how these equations will
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change in the presence of some threshold correction or due to the Planck scale effects3. The
RG equations with one4 intermediate scale, MR, between MU and MZ are:
1
αi(MZ)
=
1
αi(MR)
+
ai
2π
ln
MR
MZ
+Θi −∆i, (4.2)
1
αi(MR)
=
1
αi(MU )
+
a′i
2π
ln
MU
MR
+Θ′i −∆′i −∆(gr)i ,
(4.3)
where i runs over the different gauge couplings. Let us clarify different notations used in the
above two equations. In the R.H.S. of eqns. (4.2) and (4.3), the second and third terms
represent one- and two-loop contributions, respectively, with
Θi =
1
4π
∑
j
Bij ln
αj(MR)
αj(MZ)
,
Θ′i =
1
4π
∑
j
B′ij ln
αj(MU)
αj(MR)
,
Bij =
bij
aj
, B′ij =
b′ij
a′j
. (4.4)
The one- and two-loop coefficients (aj , a
′
j, bij , b
′
ij) for specific scenarios are given later. Between
MZ and MR the indices i, j ⊂ Gstd while above MR one has i, j ⊂ GLR.
The ∆i include SUSY threshold effects and intermediate scale threshold effects at MR,
∆i = ∆
(S)
i +∆
(R)
i ,
while ∆′i includes the same at the unification scaleMU . They are represented as [68, 69, 70, 71],
∆
(S)
i =
1
2π
Σαb
α
i ln
Mα
MS
≡ bi
2π
ln
Mi
MS
, bi = Σαb
α
i ,
∆
(R)
i =
1
2π
Σβc
β
i ln
Mβ
MR
≡ b
′
i
2π
ln
Mi
MR
, b′i = Σβc
β
i ,
∆′i =
1
2π
Σγd
γ
i ln
Mγ
MU
≡ b
′′
i
2π
ln
Mi
MU
, b′′i = Σγd
γ
i . (4.5)
Here the indices α, β and γ signify the particle components of SO(10) representations spread
around the SUSY scaleMS, the SU(2)R×U(1)B−L breaking scaleMR, and the SO(10) breaking
scale MU , respectively.
The definition of effective mass parameters at the SUSY scaleMS through the first of eqns. (4.5)
introduced by Carena, Pokorski and Wagner [68] has been generalised to study GUT-threshold
3More detail will be given later in sec. 4.3.
4Here, we neglect the small logarithmic running between the electroweak scale (MZ) and the SUSY scale
(MS) and, in effect, set MS and MZ to be the same.
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effects by Langacker and Polonsky [70] in SUSY SU(5) and in ref. [71] to study intermediate
breaking in SUSY SO(10). The effective mass parameters defined through these relations are
not arbitrary. Logarithm of each of them is a well defined linear combination of logarithms of
actual particle masses (heavy or superheavy) spread around the respective thresholds. Hence,
in principle, it is possible to express them in terms of the parameters of the superpotential. The
actual relationship would vary from model to model depending upon the type and number of
representations used in driving the spontaneous symmetry breaking of SUSY SO(10) to the
low energy theory.
In the absence of unnatural mass spectra, the particles are expected to be a few times heavier or
lighter than the associated threshold scale which would result in the effective mass parameters
bearing a similar relationship to that scale.
The term ∆gri represents the effect of dim.5-operators which may be induced at the Planck
scale as [72, 73],
∆
(gr)
i = −
ǫi
αG
, i = BL, 2L, 2R, 3C. (4.6)
These operators modify the boundary condition at MU as ,
α2L(MU)(1 + ǫ2L) = α2R(MU)(1 + ǫ2R) = αBL(MU)(1 + ǫBL) = α3C(MU)(1 + ǫ3C) = αG.
(4.7)
Here, αG = g
2(MU)/4π is the GUT fine-structure constant. The impact of various contributions
in eqns. (4.5) and (4.6) in lowering the intermediate scale in SUSY SO(10) GUTs will be
discussed in detail in subsequent sections.
Using eqns. (4.2) - (4.7) one obtains for the mass scales [71],
ln
MR
MZ
=
1
(AB′ −A′B) [(ALS − A
′LΘ) + (A
′J2 −AK2)− 2π
λG
(Aǫ′′ −A′ǫ′) + (A′J∆ −AK∆)],
(4.8)
ln
MU
MZ
=
1
(AB′ −A′B) [(B
′LΘ − BLS) + (BK2 −B′J2)− 2π
λG
(B′ǫ′ −Bǫ′′) + (BK∆ −B′J∆)],
(4.9)
where
LS =
2π
λ(MZ)
(
1− 8
3
λ(MZ)
λS(MZ)
)
,
LΘ =
2π
α(MZ)
(
1− 8
3
sin2ΘW (MZ)
)
,
A = a′2R +
2
3
a′BL −
5
3
a′2L,
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B =
5
3
(aY − a2L)−A,
A′ =
(
a′2R +
2
3
a′BL + a
′
2L −
8
3
a′3C
)
,
B′ =
5
3
aY + a2L − 8
3
a3C − A′. (4.10)
J2 = 2π
[
Θ′2R +
2
3
Θ′BL −
5
3
Θ′2L +
5
3
(ΘY −Θ2L)
]
,
K2 = 2π
[
Θ′2R +
2
3
Θ′BL +Θ
′
2L −
8
3
Θ′3C +
5
3
ΘY +Θ2L − 8
3
Θ3C
]
,
ǫ′ = ǫ2R +
2
3
ǫBL − 5
3
ǫ2L,
ǫ′′ = ǫ2L + ǫ2R +
2
3
ǫBL − 8
3
ǫ3C ,
J∆ = −2π
[
∆′2R +
2
3
∆′BL −
5
3
∆′2L +
5
3
(∆Y −∆2L)
]
,
K∆ = −2π
[
∆′2R +
2
3
∆′BL +∆
′
2L −
8
3
∆′3C +
5
3
∆Y +∆2L − 8
3
∆3C
]
. (4.11)
4.1.2 The minimal SUSY SO(10) models
In this subsection we apply the RG evolution detailed above to the specific minimal SO(10)
models keeping only the one- and two-loop contributions in eqns. (4.2) - (4.11).
The symmetry breaking proceeds through three steps. These are
• In the first step, the SO(10) symmetry is broken at MU by the vev of a 210 multiplet.
As noted earlier, it is chosen to be along the neutral component of {15, 1, 1} under GPS
which is even under D-parity [61]. Thus, the gauge symmetry is broken to GLR and, with
unbroken D-parity, left-right discrete symmetry survives preserving g2L = g2R.
• In the second step, the breaking is different for the two models.
1. In Model I (the doublet model), the vev of the neutral component of χR ⊂ 16
which transforms as (1, 1, 2,−1) under GLR breaks SU(2)R × U(1)B−L → U(1)Y at
MR. The left-handed doublets χL(1, 2, 1,−1)⊕ χL(1, 2, 1, 1) and other components
of χR(1, 1, 2,−1)⊕ χR(1, 1, 2, 1) not absorbed by the RH gauge bosons remain light
with masses around the intermediate scale MR.
2. In Model II (the triplet model) the vev is assigned to the neutral component of
a field ∆R ≡ (1,1,3,2) contained in a 126. In this alternative, the left-handed
triplets ∆L(1, 3, 1,−2)⊕∆L(1, 3, 1, 2) contained in the 126 and 126 as well as other
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components of ∆R(1, 1, 3,−2)⊕∆R(1, 1, 3, 2) not absorbed by the RH gauge bosons
remain light and contribute to the gauge coupling evolution from MR.
• Finally, the standard doublet Higgs contained in the bi-doublet φ(1, 2, 2, 0) ⊂ 10 drives
the symmetry breaking of Gstd → SU(3)C×U(1)em at the electroweak scale. For simplicity,
in the remainder of this section it is assumed that the supersymmetry scale, MS, is the
same as MZ .
One major difficulty in obtaining the parity conserving GLR intermediate symmetry originates
from the mass spectra predictions in the triplet model with certain colored Higgs components of
GPS multiplets in {15, 3, 1}+{15, 1, 3} ⊂ 210 being at theMR scale [74]. We note that a similar
difficulty also arises in the minimal doublet model unless these states are made superheavy
through the presence of additional SO(10) Higgs representations or non-renormalizable terms
in the superpotential as discussed in sec. 4.5. Assuming that these additional scalars are made
superheavy, our RG analysis applies with the minimal particle content between MZ to MU as
described above.
For Model I, the MSSM one- and two-loop beta-function coefficients below the scale (MR) are
given by,  aYa2L
a3C
 =
 3351
−3
 , bij =
 19925 275 8859
5
25 24
11
5
9 14
 , i, j ⊂ Gstd. (4.12)
Above MR till MU the beta-function coefficients are
a′BL
a′2L
a′2R
a′3C
 =

9
2
2
−3
 , b′ij =

23/2 27/2 27/2 8
9/2 32 3 24
9/2 3 32 24
1 9 9 14
 , i, j ⊂ GLR. (4.13)
Using αS(MZ) = 0.1187, α(MZ) = 1/127.9, and sin
2ΘW = 0.2312, the one-loop solutions yield
M0R = 1.3× 1016 GeV , M0U = 2.9× 1016 GeV. (4.14)
The GUT fine structure constant is αG ≃ 1/24.25. When two-loop contributions are included
then, as noted earlier, no intermediate symmetry breaking scale is permitted at all.
For Model II, below MR the one- and two-loop beta function coefficients are still given by eq.
(4.12) while between MR and MU we have
a′BL
a′2L
a′2R
a′3C
 =

24
5
5
−3
 , b′ij =

115 81 81 8
27 73 3 24
27 3 73 24
1 9 9 14
 , i, j ⊂ GLR. (4.15)
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In this case, the one-loop evolution results in 5
M0R = 7.9× 1015 GeV , M0U = 1.9× 1016 GeV, (4.16)
with the GUT fine structure constant αG ≃ 1/24.00. As in Model I, inclusion of two-loop
effects disallows any intermediate scale.
We shall now turn to the implication of this high intermediate left-right symmetry breaking
in the context of neutrino masses and leptogenesis. Then we will exhibit ways by which the
difficulties can be evaded.
4.2 Low scale left-right symmetry breaking
As noted in the previous section, in the minimal supersymmetric SO(10) models the left-right
symmetry breaking intermediate scale cannot be lower than 1015 GeV. We shall briefly illustrate
the application of Model II for successful explanation of fermion masses and mixings with such
a high value of MR.
In Model II, the left-right symmetry is broken by the vev of the right-handed triplet Higgs
scalar ∆¯R ≡ (1, 1, 3, 2) ⊂ 126. The left-handed triplet Higgs scalar ∆¯L ≡ (1, 3, 1, 2) required by
left-right symmetry is also present in 126. The bi-doublet Higgs that breaks the electroweak
symmetry and the Higgs that breaks the SO(10) group are φ ≡ (1, 2, 2, 0) ⊂ 10 and Φ ≡
(1, 1, 1, 0) ⊂ 210. Since we are concerned with neutrino masses and leptogenesis, consider the
Yukawa interactions of the left- and right-handed leptons:
ψL ≡
(
ν
e
)
L
≡ (1, 2, 1,−1) ⊂ 16,
ψR ≡
(
ν
e
)
R
≡ (1, 1, 2,−1) ⊂ 16. (4.17)
The relevant Yukawa couplings are given by
LY = fψLψRφ+ f˜ψcLψL∆¯L + f˜ψcRψR∆¯R. (4.18)
In eqn.(4.18), the field ψc is the charge conjugation of the field ψ defined as
ψc = Cψ∗, (4.19)
where, C = iγ2γ0 in the Dirac-Pauli representation. Then the neutrino mass matrix can be
written as
Mν =
(
ν νc
)
L
(
mL mD
mD mR
)(
ν
νc
)
L
, (4.20)
5Here, MS =MZ has been assumed. If MS is set at 1 TeV, then one finds M
0
R = 5.0× 1015(1.6× 1015) GeV
and M0U = 1.9× 1016(6.2× 1015) GeV, at the one-loop level in Model I (Model II).
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where, mL = f˜〈∆¯L〉; mR = f˜〈∆¯R〉 and mD = f〈φ〉. Generation indices have been suppressed.
The right-handed neutrinos then remain massive, while the left-handed neutrino masses are
see-saw suppressed
mN = mR,
mν = mL − m
2
D
mR
. (4.21)
The first term mL = f˜ vL is also naturally small, since
vL = 〈∆¯L〉 = κv2/vR.
With supersymmetry in SO(10), κ is model dependent and some fine-tuning of this parameter
is needed in the triplet model to achieve type II see-saw dominance, successful prediction of
large neutrino mixings and parameterization of all fermion masses and mixings including CP-
violation [74, 75, 76, 77]. With asymptotic parity invariance in the high scale theory, the
gravitino constraint is often ignored in the triplet model [66]. Moreover, the observed smallness
of neutrino masses may work against bringing the left-right symmetry breaking scale closer to
109 – 1010 GeV in the triplet model.
In Model I, we will explore an alternative approach where, without fine-tuning of the Yukawa
couplings of the see-saw formula, the left-right symmetry breaking scale can be sufficiently low-
ered to meet the requirements of resonant leptogenesis while satisfying the gravitino constraint
and maintaining consistency with experimentally observed small values of neutrino masses.
As discussed in subsequent sections, both the SO(10) representations 210 and 54 are necessary
to break SO(10)→ GLR in Model I as well as in Model II, to prevent certain undesirable scalar
components of 210 being lighter than the GUT scale and upsetting successful gauge coupling
unification.
In Model I, neutrino masses arise from the Yukawa Lagrangian:
LY = fψLψRφ+ y
(
ψLSχL + ψRSχR
)
+MSTS +H.c. (4.22)
where χL(1, 2, 1,−1) and χR(1, 1, 2,−1) are in the 16 dimensional Higgs representation, φ is in
a 10, and S stands for SO(10) singlets, of which there are three.
The left-handed neutrinos νL and the right-handed neutrinos N = νR now mix with the new
singlet fermions S through the mass matrix:
Mν =
(
ν N c S
)
L
 0 mD yvLmD 0 yvR
yvL yvR M
 νN c
S

L
. (4.23)
Here the Dirac neutrino mass, mD, the Yukawa coupling, y, and the singlet fermion mass, M ,
are 3 × 3 matrices. Light left-handed neutrino masses matching the experimental data arise
from this mass matrix through the double see-saw and type III see-saw mechanisms, as has been
widely discussed in the literature [63, 78, 79]. The model gives desired values of neutrino masses
even for low left-right symmetry breaking scales without fine-tuning of the Yukawa couplings.
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4.3 Different techinques to achieve low intermediate
scale
We have advanced the following possibilities which may lead to left-right symmetry breaking
at energies much lower than in the the minimal models:
• Threshold Correction: In the conventional analysis, one assumes that different states
within a GUT multiplet have the same mass. This is not exact and small splittings
usually do arise. The threshold effect due to a superheavy mass state contributes to a
small log at one-loop level; but in SO(10) where big-sized representations like 210 or
126+ 126 or both are used, the one-loop contributions by a large number of superheavy
components lead to substantial modification of the gauge couplings near the GUT scale.
Both the doublet and the triplet SO(10) models belong to this category. Thus threshold
effects in each of them might significantly change the allowed values ofMR obtained from
the unification constraint.
• Non-renormalizable interactions at the Planck scale: Since the unification scale is close
to the scale of quantum gravity, there may arise gauge invariant but non-renormalizable
interaction terms in the Lagrangian suppressed by inverse powers of the Planck scale or
a string compactification scale. They affect the gauge coupling values at the GUT scale
and change the predictions of the minimal models.
• Additional light fields: If there are any additional light multiplets in the theory, they can
modify the evolution of the gauge couplings and can allow a lowered MR.
In the following, we have given details of these possibilities and shown that with each of them
it is possible to get lower scale left-right symmetry breaking which in some cases could even be
low enough to be within striking range of the LHC/ILC.
4.3.1 Threshold effects
Conventionally, superheavy GUT multiplets are considered to be degenerate. In general, how-
ever, the members of a representation could possess somewhat different masses spread around
the GUT scale giving rise to sizable modifications of the gauge coupling constant predictions
and the mass scales via threshold effects [80, 81, 82]. In the absence of precise information
of the actual values of these masses, one may assume that all the components of a particular
submultiplet are degenerate, but different submultiplets have masses that are spread closely
around the scale of symmetry breaking [81]. In an alternate method, one introduces a set of
effective mass parameters to capture the threshold effects [68]. Such an approach has been used
at the SUSY SU(5) scale to examine uncertainties in the GUT model predictions [70]. This
procedure is extended here to the GLR symmetry breaking scale in the form of eq. (4.5) [71].
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Below, we examine to what extent threshold corrections could lower the scale of left-right sym-
metry breaking. We assume all superheavy gauge bosons to possess degenerate masses identical
to the unification scale MU .
Model I: For the particle content of Model I, from eq. (4.10) one obtains
A = B = 14/3, A′ = 18, B′ = 2, AB′ − A′B = −224/3, (4.24)
Using these, one has from eqns. (4.8), (4.9), and (4.11) the following expressions for threshold
corrections on MR and MU :
∆ ln
MR
MZ
=
π
14
[
10
3
∆′BL − 8∆′2L +
14
3
∆′3C +
25
3
∆Y − 13∆2L + 14
3
∆3C
]
,
∆ ln
MU
MZ
=
π
28
[
4
3
∆′BL + 8∆
′
2L −
28
3
∆′3C +
10
3
∆Y + 6∆2L − 28
3
∆3C
]
. (4.25)
The quantities appearing on the RHS of eq. (4.25) are readily calculated using eq. (4.5), given
the superheavy components of 210⊕ 16⊕ 16⊕ 10. In this manner one gets [71],
b′′2L = b
′′
2R = 53, b
′′
3C = 56, b
′′
BL = 50, (4.26)
leading to
∆ ln
MR
MZ
=
1
7
[
125
3
ln
M1
MU
− 106 ln M2
MU
+
196
3
ln
M3
MU
]
,
∆ ln
MU
MZ
=
1
7
[
25
3
ln
M1
MU
+ 53 ln
M2
MU
− 196
3
ln
M3
MU
]
. (4.27)
The pair of equations in (4.27) provide enough room to find solutions which will lead to a
significant lowering of the scale MR while keeping MU within the Planck scale
6.
As an illustration, one can consider a one parameter solution satisfying:
MU
M1
=
MU
M3
=
M2
MU
= η . (4.28)
One finds from eq. (4.27)
∆ ln
MR
MZ
= −30.42 ln η, ∆ lnMU
MZ
= 15.71 ln η . (4.29)
6One must also ensure that the ratios Mi
MU
, i = 1, 2, 3 lie within an appropriate range, say 0.1 to 10, and
ought not exceed the Planck mass.
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Note that, in the absence of threshold corrections, at the two-loop level ln
M0
U
MZ
= 33.178 and
ln
M0R
MZ
= 32.916. To ensure thatMU ≤MP l = 1.2×1019 GeV one must satisfy
(
∆ ln MU
MZ
)
≤ 6.24.
Thus, from eq. (4.29) η ≤ 1.48 leading to
(
∆ ln MR
MZ
)
≥ −12.07 implying
MR ≥ 1.0× 1011 GeV, MU ≤ 1.2× 1019 GeV. (4.30)
MR MU
M1
MU
M2
MU
M3
MU
α−1G
(GeV) (GeV)
1011 1.2× 1019 (1.48)−1 1.48 (1.48)−1 23.7
109 1018 0.272 1.770 0.831 23.7
107 1018 0.158 1.950 0.832 23.7
107 5× 1016 0.151 2.750 1.524 27.7
105 5× 1018 0.180 3.30 1.076 26.7
103 1019 0.154 4.760 1.301 28.7
Table 4.1: Examples of low intermediate scale, MR, coupling constant unification solutions triggered by
GUT-scale threshold effects in Model I (the doublet model).
This simple example implies that with one parameter η, MR lower than that given in eq. (4.30)
corresponds to unification scales higher than the Planck mass. Even this bound on MR can
be further lowered by one order when smaller threshold effects from lower scales [69, 83] are
included leading to MR ≃ 1010 GeV with near Planck scale grand unification in the minimal
doublet model. In principle, there are three distinct mass scales Mi, i = 1, 2, 3, that enter in
the threshold corrections, see eq. (4.27), and there is much more flexibility to further lower
MR. We return to such solutions later.
It is interesting to examine how gauge coupling constants are matched by threshold corrections
to reach their common unification value in spite of such substantial changes in both the mass
scales. Using eq. (4.5) and eq. (4.26), for η = 1.48 the GUT-threshold corrections for individual
couplings are [71]
∆′BL = −
25
π
ln η = −3.16, ∆′2L =
53
2π
ln η = 3.35, ∆′3C = −
28
π
ln η = −3.54. (4.31)
The gauge couplings extrapolated from MZ to MR = 10
11 GeV are,
α−1BL(MR) = 53.4, α
−1
2L (MR) = 26.3, α
−1
3C(MR) = 18.4. (4.32)
With GUT-threshold effects, the one loop-evolution of the coupling constants from MR to the
new value of MU ,
1
αi(MU)
=
1
αi(MR)
− a
′
i
2π
ln
MU
MR
+∆′i, i = 2L,BL, 3C. (4.33)
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Then using eq. (4.27) - eq. (4.32) in eq. (4.33),
1
αBL(MU )
= 23.1,
1
α2L(MU )
= 23.5,
1
α3C(MU )
= 23.7. (4.34)
The one parameter solution has the virtue of simplicity. However, as noted earlier, in eq. (4.27)
– see also eq. (4.5) – three distinct mass scalesMi, i = 1, 2, 3, are, in general, required to capture
the effect of the threshold corrections at the unification scale. Table 4.1 depicts a whole set of
such solutions. For every solution, the effective mass splittings are within a tolerable range and
the unification scale has been increased by the threshold corrections. The value of the unified
gauge coupling is also shown.
Model II: The threshold effect analysis for Model II (the triplet model) can be carried out
along the same lines as in Model I. Thus, from eq. (4.10) one finds:
A = 38/3, B = −10/3,
A′ = 34, B′ = −14, AB′ − A′B = −64. (4.35)
In place of eq. (4.25) one now has
∆ ln
MR
MZ
=
π
2
[
8
9
∆′BL − 3∆′2L +
19
9
∆′3C
]
,
∆ ln
MU
MZ
=
π
2
[
4
9
∆′BL −∆′2L +
5
9
∆′3C
]
. (4.36)
The one-loop beta-function coefficients from Model II required for an evaluation of the RHS
are:
b′′2L = b
′′
2R = 116, b
′′
3C = 122, b
′′
BL = 101. (4.37)
Thus, from the superheavy components of 210⊕ 126⊕ 126⊕ 10 one gets [71]:
∆ ln
MR
MZ
=
[
202
9
ln
M1
MU
− 87 ln M2
MU
+
1159
18
ln
M3
MU
]
,
∆ ln
MU
MZ
=
[
101
9
ln
M1
MU
− 29 ln M2
MU
+
305
18
ln
M3
MU
]
. (4.38)
Eqns. (4.38) depend, as in the case of Model I, on the three mass scalesMi, i = 1, 2, 3 which can
be chosen appropriately to ensure a solution with a low intermediate scale MR. A few typical
examples are presented in Table 4.2. It is noteworthy that the gauge coupling at unification is
larger for these solutions than for the ones in Table 4.1.
Before moving on, let us remark that in many of the threshold effect driven solutions in Model
I the unification scale is pushed to higher values. It is well known that suppression of Higgsino
mediated supersymmetric proton decay modes like p → K+ν, p → K0µ+ etc. is a generic
problem in minimal SUSY GUTs and the amplitudes are proportional to M−2U . The higher
unification scales help to evade this problem in a natural and effective fashion with a suppression
factor (
M0
U
MU
)2 = 10−2 − 10−4.
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MR MU
M1
MU
M2
MU
M3
MU
α−1G
(GeV) (GeV)
5× 109 1.58× 1016 2.204 1.200 0.659 15.0
1010 1.58× 1016 2.065 1.160 0.659 15.0
1011 1.58× 1016 1.661 1.050 0.656 15.0
Table 4.2: Examples of low intermediate scale, MR, coupling constant unification solutions triggered by
GUT-scale threshold effects in Model II (the triplet model).
4.3.2 Planck scale effects
Since the GUT scale is close to the Planck mass, it is possible that gravity induced non-
renormalizable terms could change the usual field theoretic predictions of gauge coupling unifi-
cation. These interactions are suppressed by inverse powers of the Planck mass. For example,
consider the gauge invariant Lagrangian consisting of the dim.5 non-renormalizable operators
(NRO),
LNRO = − η1
2MG
Tr (FµνΦ210F
µν)− η2
2MG
Tr (FµνΦ54F
µν) . (4.39)
The effective gauge coupling constants at the unification point get changed due to these non-
renormalizable terms. In particular, these interactions determine the parameters in eq. (4.7)
and one finds [72, 73],
ǫ2L = ǫ2R = −3
2
ǫ2, ǫ3C = ǫ2 − ǫ1, ǫBL = 2ǫ1 + ǫ2,
ǫ′ =
4
3
ǫ1 +
5
3
ǫ2, ǫ
′′ = 4ǫ1 − 5ǫ2,
where
ǫ1 =
3η1
4
MU
MG
[
1
4παG
] 1
2
, ǫ2 =
3η2
4
MU
MG
[
1
15παG
] 1
2
, (4.40)
leading to the following analytic expressions for the corrections on the mass scales,(
∆ ln
MR
MZ
)
gr
=
2π(A′ǫ′ −Aǫ′′)
αG(AB′ − A′B) ,= −
π
7αG
[ǫ1 + 10ǫ2] ,(
∆ ln
MU
MZ
)
gr
=
2π(Bǫ′′ − B′ǫ′)
αG(AB′ − A′B) =
π
7αG
[5ǫ2 − 3ǫ1] . (4.41)
While the change in the mass scales are governed by the above relations the individual coupling
constants near the GUT scale change as,
∆
(gr)
2L =
3ǫ2
2αG
, ∆
(gr)
BL = −
(2ǫ1 + ǫ2)
αG
, ∆
(gr)
3C =
(ǫ1 − ǫ2)
αG
. (4.42)
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MR MU η1 η2 α
−1
G
(GeV) (GeV)
109 3.16× 1018 0.305 0.96 25.00
107 3.16× 1018 0.494 1.16 25.64
106 8× 1017 2.728 4.77 25.32
105 3.16× 1018 0.671 1.34 25.32
Table 4.3: Sample coupling constant unification solutions with low intermediate scales, MR, obtained for
Model I (the doublet model) through Planck scale induced interactions parameterized by η1 and η2 (see
text).
Using the most natural scale for the two NRO’s as the Planck mass, MG = 1.2×1019 GeV, and
eq. (4.40) - eq. (4.42) we searched for gravity corrected solutions for low intermediate mass
scale and high GUT scale with the constraint |η1,2| ≃ O(1).
For example with ǫ1 = 0.15, ǫ2 = 0.174, MG = MP l. we have MR = 10
7 GeV and MU = 10
18.4
GeV, corresponding to η1 = 0.494 and η2 = 1.160. The corrections to the coupling constants
are obtained through ∆
(gr)
BL = −11.47, ∆(gr)2L = 6.52, and ∆(gr)3C = 0.6 . When these are added
to one-loop extrapolated values from MZ to MU (≡ 1018.4 GeV), the three coupling constants
match consistently with their common value α−1G ≃ 25. All solutions with high unification scales
require |η1,2| ≃ O(1) as shown in Table 4.3. Thus, dim.5 operators are capable of lowering the
left-right symmetry breaking scale to MR = 10
5 − 109 GeV, making Model I consistent with
large neutrino mixing and leptogenesis when the minimal doublet model is supplemented by
the addition of a 54.
We find that high values of MU ≃ 1018 GeV require smaller η1,2 ≃ O(1) while a lower MU ≃
1016 GeV requires unnaturally larger values of the parameters. The preferred solutions with
naturally large values of MU exhibit the virtue of suppression of Higgsino mediated proton
decay by factors (
M0
U
MU
)2 = 10−3 − 10−4.
We now extend the triplet model by the addition of a Higgs representation 54 and including
the effects of the two non-renormalizable operators of eq. (4.39). The changes in the mass
scales are given by (
∆ ln
MR
MZ
)
gr
= − π
12αG
[−2ǫ1 + 45ǫ2] ,(
∆ ln
MU
MZ
)
gr
= − π
12αG
[2ǫ1 + 15ǫ2] . (4.43)
Unlike for the doublet model, we find that gravitational corrections alone do not succeed in
substantially reducing the MR scale. This behaviour of the triplet model can be understood in
terms of the larger Higgs representations – 126 and 126 – involved and the consequent tension
with perturbativity (see Sec.4.4).
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4.3.3 Doublet model with additional light multiplets
The third and final alternative that we discuss for obtaining a low intermediate scale in Model
I is through additional light chiral submultiplets. We find that if there are appropriate light
states in the particle spectrum then the unification of gauge couplings is consistent with a
significant lowering of MR.
In earlier work attempts have been made to obtain intermediate scales much lower than the
GUT scale by spontaneous breaking of SUSY SO(10) in the first step and the gauge group GLR
in the second step with or without [84] left-right discrete symmetry. The crucial point of this
chapter is that we require the left-right symmetric gauge group with g2L = g2R to survive to
low intermediate scales in order to evade the gravitino problem and at the same time obtain
low mass W±R gauge bosons to possibly even provide testable signals at collider energies in the
near future.
We present below two models which meet these requirements. The models are identical up
till the scale MR and consist of the MSSM particles. They differ in the number and type of
additional chiral multiplets which contribute in the range MR to MU . In this subsection, we
choose to distinguish between the SUSY scale, MS (which is chosen at 1 TeV), and MZ . The
RG evolution of the couplings fromMZ toMS is governed by the one- and two-loop coefficients: aYa2L
a3C
 =
 215−3
−7
 , bij =
 10425 185 4456
5
8 12
11
10
9
2
−26
 , i, j ⊂ Gstd, (4.44)
while from MS to the scale MR eq. (4.12) is applicable. In eq.(4.44) the beta-function coeffi-
cients have been derived assuming two light doublets in the nonSUSY model below MS which
emerges naturally from the MSSM existing above MS.
Model A: In addition to the MSSM particles, we assume that supermultiplets with the fol-
lowing gauge quantum numbers are light with masses at the MR scale:
σ(3, 1, 1, 4/3)⊕ σ(3, 1, 1,−4/3) ⊂ 45, 210,
η(1, 1, 1, 2)⊕ η(1, 1, 1,−2) ⊂ 120. (4.45)
The one- and two-loop coefficients including these fields are,
a′BL
a′2L
a′2R
a′3C
 =

16
2
2
−2
 , (4.46)
b′ij =

241/6 27/2 27/2 88/3
9/2 32 3 24
9/2 3 32 24
11/3 9 9 76/3
 , i, j = BL, 2L, 2R, 3C. (4.47)
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At two-loop level the evolution of gauge couplings and their unification have been shown in Fig.
4.1 for MR = 10
4 GeV. Some sample solutions to the RGEs for gauge couplings with allowed
values of MR, MU and the GUT fine structure constant (αG) are presented in Table 4.4. We
find that with the grand unification scale MU = 2 × 1016 GeV, an intermediate scale in the
range of MR = 5 TeV - 10
10 GeV is possible in this model with excellent unification of the
gauge couplings. In spite of the presence of additional fields, the gauge couplings at the GUT
scale remain perturbative in a manner similar to the minimal GUT with α−1G = 22.22− 20.40.
Model B: In addition to the MSSM particles we assume that there are additional superfields
with their masses at the MR scale which transform as:
ξ(6, 1, 1, 4/3)⊕ ξ(6, 1, 1,−4/3, ) ⊂ 54,
η(1, 1, 1, 2)⊕ η(1, 1, 1,−2) ⊂ 120,
C(1, 2, 2, 0) ⊂ 10, 120, 126,
DL(1, 3, 1, 0)⊕DR(1, 1, 3, 0) ⊂ 45, 210, (4.48)
where we have used a pair of C(1, 2, 2, 0).
The one- and two-loop coefficients in this scenario are
a′BL
a′2L
a′2R
a′3C
 =

20
6
6
2
 , (4.49)
b′ij =

305/6 27/2 27/2 344/3
9/2 70 9 24
9/2 9 70 24
43/3 9 9 332/3
 , i, j = BL, 2L, 2R, 3C. (4.50)
Model MR MU α
−1
G
(GeV) (GeV)
109 1.15× 1016 22.22
A 105 1.10× 1016 20.83
104 1016 20.40
109 1.82× 1016 7.58
B 108 2.00× 1016 10.13
Table 4.4: Sample coupling constant unification solutions for low intermediate scales, MR, in two models
with additional light multiplets at the intermediate scale (see text).
Gauge coupling evolution and unification in this case is shown in Fig. 4.1 for an example with
MR = 10
8 GeV. A couple of sample solutions with MR which satisfy the gravitino constraint
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Figure 4.1: Evolution of the gauge couplings in models with additional light multiplets. The left- (right-)
panel corresponds to Model A (Model B).
are presented in Table 4.4. For this alternative, the intermediate scales are typically in the
range of MR = 10
7 GeV - 1010 GeV. A very precise unification of the gauge couplings has been
found when further small SUSY threshold effects at the TeV scale are taken into account [69].
Because of these effects, the resulting gauge couplings show small discontinuities at MS = 10
3
GeV as shown in the Fig. 4.1 for Model B. The gauge couplings near the GUT scale approach
strong coupling (αG ≃ 0.1) as shown in Table 4.4 and Fig. 4.1.
We show in the next section that the intermediate scale in the triplet model has a lower bound
at 109 GeV which is expected to be increased by additional Higgs scalars at the MR scale.
From the above two examples and earlier investigations it is clear that right-handed mass scales
as low as MR = 5 TeV −1010 GeV are viable when additional light chiral multiplets at the
MR scale are admitted. As already noted, such low scales are necessary for the successful
implementation of leptogenesis in the doublet model (Model I). Obviously, these models may
have interesting new signatures at LHC and future collider experiments. It is noteworthy that
all the light multiplets exploited in the two models are contained in SO(10) representations
which have been invoked in the literature anyway for various purposes.
4.4 Lower bound on intermediate scale in the triplet
model
As pointed out earlier, the higher dimensional Higgs representations like 210 and/or 126 + 126
result in large threshold corrections at the GUT scale even if their superheavy components are
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only few times heavier or lighter than MU . In this respect, threshold corrections in the triplet
model with 126+ 126 are more significant compared to those in the doublet model which uses
16+ 16. Normally, one would therefore expect to obtain lower MR in the former model.
In this section we show that this is not true and, in fact, establish that MR cannot be lower
than 109 GeV in the triplet model. This lower bound is set by the perturbative renormalization
group constraint when parity survives in the left-right gauge group as happens in the case of
GLR. As the GUT threshold effects contribute only at the unification scale, we use the two-loop
equation for αBL between MR and MU with the corresponding coefficients given in eq. (4.12)
and eq. (4.15). It is seen that if MR ≤ 109 GeV, αBL exceeds the perturbative limit (≃ 1)
before the GUT scale is reached.
Analytically, this behavior of the gauge coupling becomes transparent by noting that the posi-
tion of the Landau pole (µ0), where gBL(µ0) =∞, is given by,
µ0 = MR exp
[
2π
a′BL
1
αBL(MR)
]
. (4.51)
Here
1
αBL(MR)
=
5
2
(
1
αY (MZ)
−ΘY +∆Y
)
− 3
2
(
1
α2L(MZ)
−Θ2L +∆2L
)
− 1
4π
(5aY − 3a2L) lnMR
MZ
. (4.52)
Using eq. (4.52) we calculate α−1BL(MR) for MR = 10
3 GeV to 1011 GeV from low energy data
ignoring the small threshold effect due to superpartners and use them in eq. (4.51) to estimate
the value of µ0. Our two-loop estimations of the pole position are shown in Table 4.5 for the
triplet model with a′BL = 24. The two-loop corrections predict slightly lower values of µ0 than
MR α
−1
BL(MR) µ0
(GeV) (GeV)
103 97.429 7.76× 1013
105 86.407 4.56× 1014
107 75.406 2.56× 1015
108 69.907 6.16× 1015
109 64.409 1.44× 1016
1010 58.912 3.46× 1016
1011 53.415 8.31× 1016
Table 4.5: Location of Landau poles, µ0, signifying violation of perturbativity, for different choices of the
intermediate scale MR in the triplet model.
eq. (4.51). For intermediate scales MR = 1 TeV to 10
9 GeV, the pole positions are found in
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the range 7.76 × 1013 GeV to 1.44 × 1016 GeV indicating that for the U(1)BL gauge coupling
perturbation theory breaks down below the GUT scale for these values ofMR. WhenMR>∼
1010
GeV, the pole positions occur clearly above the GUT scale with µ0>∼
3.46× 1016 GeV. In other
words, with only the minimal particle content needed to maintain supersymmetry and left-right
symmetry below the GUT scale, from the requirement of perturbativity the triplet model leads
to the conservative lower bond on the intermediate scale,
MR > 10
9 GeV. (4.53)
Inclusion of additional new scalar degrees of freedom anywhere between MR to MU would
increase the one-loop beta-function coefficient of the U(1)B−L gauge coupling and bring down
the pole position further. This, in turn, would further tighten the lower bound on MR beyond
109 GeV. This is why, unlike in the doublet model, the presence of additional light scalars near
MR cannot reduce the value of the intermediate scale in the triplet model.
In contrast to the triplet model for which a′BL = 24, the doublet model has a
′
BL = 9 which
enhances the argument of the exponential on the RHS of eq. (4.51) by a factor ≃ 24/9 = 2.66
compared to the triplet model for the same value of MR. Such a factor in the argument pushes
the Landau pole to a position much above the GUT scale. Thus, even with MR = 1 TeV,
whereas the triplet model pole position is at µ0 ≃ 1.18× 1014 GeV which is approximately two
orders below the GUT scale, in the the doublet model the pole occurs at µ0 ≃ 3.3× 1032 GeV.
Although this latter scale for the doublet model is expected to be substantially lower because
of the contribution of superheavy particles near the GUT scale, it is clear that the coupling
constant never hits a Landau pole below the GUT-Planck scales ≃ 1018 GeV. This tallies with
the results in sec. 4.3 where solutions have been obtained using threshold and gravitational
corrections.
With such a lower bound on MR in the triplet model, this version of SUSY SO(10) rightly
deserves its description as a high scale theory. The SUSY SO(10) triplet model appears to fit
ideally for description of quark-lepton masses and mixings through high-scale b− τ unification
and type II see-saw dominance or even through type I see-saw mechanism [75, 77, 85] .
Since MR>∼
109 GeV in the triplet model, the lightest right-handed neutrino mass could satisfy
the gravitino constraint, but in this case generating the quark and lepton masses and mixings
has to be re-examined. While a detailed analysis of neutrino data is yet to emerge in the
doublet model, it is well known that reproducing small neutrino masses is no problem even if
the right-handed neutrinos are near the TeV scale. With such a low value of MR the desired
criteria of TeV scale resonant leptogenesis is fulfilled and through the W±R and ZR bosons and
the light Higgs scalars, χ±L , χ
0
L, χ
±
R, and χ
0
R, the model can be tested at the LHC and ILC. The
superpartner of the lightest right-handed neutrino in the doublet model may also be a good
candidate for dark matter.
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4.5 Remarks on light scalars and fermion masses in min-
imal SO(10)
One of the most appealing features of the minimal supersymmetric SO(10) model is that one
can calculate the pattern of symmetry breaking and predict fermion mass relations at the GUT
scale [86]. Concomitant with these, in the minimal model, is an intermediate left-right breaking
scale, MR, constrained to be rather close to the GUT scale MU . Can the virtues of the model
be made to survive when MR is lowered?
Let us briefly summarize the salient features with reference to Model II. The Higgs fields are:
Φ ≡ 210, Σ ≡ 126, Σ¯ ≡ 126, H ≡ 10,
where ∆L,R ⊂ Σ and φ ⊂ H . The fermions belong to the representation Ψ ≡ 16. The complete
superpotential of the model can then be written as
W = WY +WH , (4.54)
where the Yukawa couplings are in WY and the scalar potential can be derived from WH . They
can be written as (we follow the notations of ref. [74])
WY = Y10ΨΨH + Y126ΨΨΣ¯,
WH =
mΦ
4!
ΦΦ +
λ
4!
ΦΦΦ +
M
5!
ΣΣ¯ +
η
4!
ΦΣΣ¯
+mHHH +
1
4!
ΦH (αΣ+ βΣ¯). (4.55)
As usual, minimization of the scalar potential gives the allowed values of the vev of the different
fields. In addition, fermion mass relations are also determined in terms of the parameters of
the model.
It may appear that the solutions presented earlier with lowered left-right symmetry breaking
scales are in conflict with results on fermion masses. However, this need not be the case. For
example, when gravitational corrections are included, there may well be non-renormalizable
terms in the superpotential, suppressed by the Planck scale, which can contribute to the Yukawa
couplings after the GUT symmetry breaking by the field Φ. Thus, in the presence of such
corrections, the superpotential will have to be supplemented by
WGY =
1
MP l
(Y G10ΨΨHΦ+ Y
G
126ΨΨΣ¯Φ) + · · · . (4.56)
These new interactions will be suppressed by 〈Φ〉/MP l. But 〈Φ〉 ∼ MU is close to the Planck
scale, as we have illustrated, and hence the suppression need not be too much. In addition, the
non-renormalizable couplings Y G could also be large. Then the fermion mass relations obtained
for the minimal supersymmetric SO(10) models could be radically affected. Fermion mass
relations can also get changed in the presence of new Higgs scalars. Thus the low intermediate
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mass scales, MR, obtained in the present analysis need not be inconsistent with the fermion
mass relations.
At the tree level, the minimal triplet model predicts [74] masses near MR for additional states
belonging to 210 with the quantum numbers
EL(3, 3, 1, 4/3)⊕EL(3, 3, 1,−4/3),
ER(3, 1, 3, 4/3)⊕ER(3, 1, 3,−4/3). (4.57)
We have checked that with the minimal Higgs content, the renormalizable doublet model also
leads to similar light Higgs scalars. It has been further noted in ref. [74] that these states
prevent having parity conserving GLR at any value of the intermediate scale below MU . We
remark that their presence at MR sufficiently lower than MU , apart from being in conflict
with sin2 θW (MZ) and αS(MZ), spoils perturbative gauge coupling evolutions by developing
Landau poles in the coupling constants in the region MR < µ < MU . This difficulty could
be avoided 7 by extensions of the minimal doublet or the triplet model through the inclusion
of non-renormalizable operators and/or additional SO(10) Higgs representations, like 54. For
example, the presence of the non-renormalizable term in the superpotential
Wgr =
λG
4!MG
Φ4,
with MG = MP l, or (string) compactification scale, can lift the masses of these light scalars
close to the GUT scale when the 210 gets vev along the direction 〈Φ0{15, 1, 1}〉 ∼ MU ,
leading to ME = 2λ
Gm2Φ/λ
2MG. Then their contributions are added to GUT-threshold effects,
as discussed earlier.
4.6 Summary and conclusion
In this chapter we have discussed the question of low intermediate left-right symmetry break-
ing scales, as preferred by leptogenesis, in the minimal supersymmetric SO(10) GUTs with
only doublet Higgs scalars as well as with triplet scalars. In view of the presence of additional
scalar components predicted from mass spectra analysis [74] which disrupt perturbativity and
gauge coupling unification, the minimal renormalizable triplet model with Higgs representa-
tions 210⊕ 126⊕ 126⊕ 10 is ruled out as a candidate for any value of left-right symmetry
breaking intermediate scale. With the added presence of a Higgs representation 54 and/or
non-renormalizable interactions, these unwanted scalar components are made superheavy and
we find, in agreement with previous work, that in the minimal models, at the one-loop level
gauge coupling unification requires the scale of left-right symmetry breaking to be close to
the GUT scale 8. Inclusion of the two-loop contributions eliminates even this possibility as
7These states represent pseudo-Goldstone bosons and may also acquire masses near the MU scale through
loops.
8Here it has been assumed that the light scalar components in {15, 3, 1} ⊕ {15, 1, 3} ⊂ 210, emerging from
mass spectra predictions, are made superheavy. This is possible if, for example, the minimal models are extended
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no solution can be found at all with an intermediate scale. On the other hand, evading the
gravitino problem, which would otherwise plague successful big bang nucleosynthesis, would
requireMR ≤ 109 GeV. We have pointed out that this impasse can be circumvented in the case
of the doublet model by including threshold corrections near the GUT scale, including non-
renormalizable interactions due to gravity induced Planck scale effects, or by adding new light
scalar multiplets. In the last alternative, the additional light submultiplets used are present
in representations commonly used in SO(10) non-minimal models, but they are different from
those which emerge from mass spectra analysis [74]. These considerations allow the left-right
symmetry breaking scale to be low, as low as even a few TeV, making it phenomenologically in-
teresting. The unification scale obtained in the doublet model using the first two methods turns
out to be large, making it safe for Higgsino mediated proton decay as well as with fermion mass
relations. In the triplet model, although threshold effects can easily decrease the intermediate
scale, we find a perturbative lower bound, MR > 10
9 GeV, below which the intermediate scale
cannot be lowered. With this bound, the triplet model with an added 54 and/or nonrenor-
malizable interactions emerges as a high scale theory of SUSY SO(10) description of fermion
masses and mixings. In this model the possibility of meeting the gravitino constraint can be
fulfilled provided neutrino masses and mixings are successfully reproduced withMR>∼
109 GeV.
With MR in the TeV region in the doublet model, apart from successful resonant leptogenesis
with full compliance of the gravitino constraint, the model predictions can be tested through
their various manifestations at the LHC and ILC.
by the addition of a Higgs representation 54 in each case. But the situation would be worse still in both the
models if the scalar components remain light in the absence of 54 or suitable nonrenormalizable terms in the
superpotential.
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Chapter 5
SU(6), Triquark states, and the
pentaquark
5.1 Introduction
Since long, baryon spectroscopy has been an arena to learn about low-energy quantum chro-
modynamics. The purported observation of a narrow baryon state of strangeness +1 at a mass
around 1540 MeV, Θ+, by several experiments [87] brought renewed attention to this theatre.
The evidence in support of this new state is now of conflicting nature, loaded more in the direc-
tion of non-observation [88, 89]. Within the quark picture, the positive strangeness (≡ s¯) of the
Θ+ baryon puts it in an exotic category and entails an interpretation in terms of a minimum
of four quarks and an antiquark – a pentaquark state (ududs¯).
Soon after, three other states which also demand a pentaquark classification were also observed.
These are the Ξ−−(dsdsu¯) and Ξ0(dsusd¯) both at 1862 MeV [90] and the Σc(ududc¯) [91] with
mass 3099 MeV.
Though exotic states such as the pentaquark have a long history, particular attention was drawn
to a possible Θ+-like state in the SU(3) version of the chiral soliton model [92]. Subsequently,
the experimental results have stimulated the exploration of many ideas, e.g., quark clusters,
colour hyperfine interactions, Goldstone boson exchange, QCD sum rules, lattice methods, etc.,
which have been reviewed in the literature [93].
For the Θ+, within the quark model framework, two models [94, 95] have achieved special
prominence. It is convenient to discuss these using the language of SU(6) of colour-spin, SU(3)
of colour, and SU(2) of spin. Thus, for example, a quark transforms as (6,3,2), where the three
integers within the parentheses identify the representations of the above SU(6), SU(3), and
SU(2), respectively. To avoid cluttering, the flavour SU(3) structure is not explicitly shown.
Our interest will be on the triquark state which is an ingredient of the Karliner-Lipkin model
[94].
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An alternative possibility is the Jaffe–Wilczek (JW) model [95]. Here the four quarks are
assumed to form two diquark clusters, each in the (21, 3¯, 1) representation. Of the four possible
combinations for a two-quark cluster – (21,6,3), (15,6,1), (15, 3¯, 3), (21, 3¯, 1) – this is the one of
the lowest energy. The two diquark clusters and the remaining antiquark – each one of which
is in colour 3¯ – combine to form the colour singlet pentaquark state (qq)(qq)(q¯), e.g., Θ+ ≡
(ud)(ud)(s¯). A relative orbital angular momentum, L=1, is assumed between the diquarks;
this is in tune with the observed narrow width of the state. Another consequence is that the
pentaquark parity is predicted to be positive. Note that the colour-spin symmetric nature of
the (21, 3¯, 1) diquark requires it to be antisymmetric, 3¯, in flavour to satisfy the generalized
Pauli principle. The two diquarks (colour 3¯ bosons) combine to form colour 3 to match up with
the antiquark. This, and L=1, requires the combination to be in a flavour symmetric 6¯ state.
The overall pentaquark flavour must be in 6¯ ⊗ 3¯ = 8 + 10. The quantum numbers of Θ+ can
be accommodated only in the 10.
In the Karliner-Lipkin (KL) model the quark clustering is different. Here, it is postulated
that there is one diquark cluster with the same quantum numbers as in the JW model. The
difference is that the remaining two quarks and the antiquark are assumed to form a triquark
cluster (qqq¯) with the quantum numbers (6,3,2) which is in a flavour 6¯. The pentaquark state
is the colour singlet (qq)(qqq¯) combination. To explain the narrowness of the observed states, a
relative orbital angular momentum, L=1, is postulated between the clusters so that the parity
of the state is predicted to be positive in this model as well. The flavour structure of the states
is the same as in the JW model.
In this work, we set two goals. First, we take a detailed look at the group theoretic properties
of the triquark state. We derive expressions for the SU(6) unitary scalar factors and Racah
coefficients related to the Clebsch-Gordan coefficients relevant for this state [96]. Second, we
use these results to estimate masses for pentaquark states. We indicate how flavour symmetry
breaking may be incorporated in the analysis.
In the next section we present the SU(6) unitary scalar factors and Racah coefficients, which
have been derived ab initio. In section 5.3 we recall the nature of the colour-spin hyperfine
interaction while in the following section we use it to estimate the hyperfine energies for baryons,
mesons, diquarks, and triquarks. In section 5.5 the different threads are brought together for
estimating pentaquark masses. In section 5.6 we discuss the results. We end in section 5.7 with
our conclusions.
5.2 Some group-theoretic results
In this section, we collect some results about SU(6) unitary scalar factors and Racah-like
coefficients which will be useful for the subsequent discussion. Though our motivation in
obtaining these results is the triquark state, they may find some use in other applications of
the SU(6) group.
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5.2.1 SU(6) unitary scalar factors
To minimise the complexities, we first summarize the notations. A member of an SU(2)
multiplet is denoted by {(2I + 1), I3}; e.g., the sz = +12 state of a spin-half particle is {2,+12}.
For SU(3), the sub-representations are designated by the SU(2)c representation1 and the ‘hyper-
charge’, Y c. Thus, one uses the combination {R3, α, Ic3} where R3 is the SU(3) representation
and α ≡ [(2Ic+1), Y c]. For illustration, a quark state with Ic3 = +12 and Y c = 13 will be denoted
as {3, [2, 1
3
],+1
2
}.
Putting the above together, an SU(6) state is denoted by (R6, {R3, α, Ic3}, {(2I+1), I3}) where
R6 is the SU(6) representation while {R3, α, Ic3} and {(2I + 1), I3} characterize the corre-
sponding SU(3) and SU(2) sub-representations. The quark state mentioned above, will be
(6, {3, [2, 1
3
],+1
2
}, {2,±1
2
}), where the SU(3) (SU(2)) quantum numbers are enclosed in the
first (second) braces. In most of the following, it will be possible to suppress α, Ic3 and I3 – e.g.,
the quark state ≡ (6,3,2). This is because the unitary scalar factors and the Racah coefficients
are independent of α, Ic3 and I3.
The SU(6) unitary scalar factors are generalisations of the SU(3) isoscalar factors. The Clebsch-
Gordan (CG) coefficients of SU(2) are well known. If i ⊗ j = k ⊕ . . ., where i, j, k are SU(2)
representations, we use CG(SU(2)i,j,k) as an abbreviation for the usual C
i,j,k
i3,j3,k3
[97].
Using the SU(2) submultiplets within an SU(3) representation, the CG coefficients for SU(3)
can be expressed in terms of products of isoscalar factors and SU(2) CG coefficients. Schemat-
ically, for the case P ⊗Q = R⊕ . . .:
CG(SU(3)P,Q,R) =
[
P Q R
αP αQ αR
]
× CG(SU(2)IP ,IQ,IR), (5.1)
where the αi, i = P,Q,R indicate the sub-representations of the SU(3) representations P,Q,R.
The first factor on the right-hand-side is the SU(3) isoscalar factor. It is independent of
IP3, IQ3, IR3. Tables of SU(3) isoscalar factors have been available for long [98].
Similarly, in SU(6), if X ⊗ Y = Z ⊕ . . . then
CG(SU(6)X,Y,Z) =
[
X Y Z
(PX , IX) (PY , IY ) (PZ , IZ)
]
×CG(SU(3)PX ,PY ,PZ)× CG(SU(2)IX ,IY ,IZ). (5.2)
Here, the first factor on the right-hand-side is an SU(6) unitary scalar factor – the generalization
of the SU(3) isoscalar factor. PX(IX) indicates the SU(3) (SU(2)) sub-representation within
the SU(6) multiplet X .
Since the triquark state is made out of two quarks (q1, q2) and an antiquark (q¯3), the following
SU(6) combinations arise:
qq state : 6⊗ 6 = 21⊕ 15 (5.3)
1The superscript ‘c’ has been added to indicate the subgroups of SU(3).
88
qqq¯ state : 21⊗ 6¯ = 120⊕ 6φ1 , 15⊗ 6¯ = 84⊕ 6φ2 . (5.4)
or, alternatively,
qq¯ state : 6⊗ 6¯ = 35⊕ 1 (5.5)
qq¯q state : 35⊗ 6 = 120⊕ 84⊕ 6ψ1 , 1⊗ 6 = 6ψ2 . (5.6)
The superscripts φ and ψ will be clarified in the next subsection where we identify the Racah
coefficients which relate (6φ1 , 6
φ
2) to (6
ψ
1 , 6
ψ
2 ).
For the purpose of the triquark, the SU(6) CG coefficients for the product 21 ⊗ 6¯ = 120 ⊕ 6
are necessary. We have not been able to find the SU(6) unitary scalar factors for this product
in the published literature [99]. Here, therefore, their ab initio calculated values are presented.
We follow the generalized Condon-Shortley phase convention [100] and obtain:[
21 6 6
(6, 3) (3, 2) (3, 2)
]
=
√
6
7
,
[
21 6 6
(3, 1) (3, 2) (3, 2)
]
=
√
1
7
. (5.7)
Also, [
21 6 120
(6, 3) (3, 2) (3, 2)
]
=
√
1
7
,
[
21 6 120
(3, 1) (3, 2) (3, 2)
]
= −
√
6
7
. (5.8)
For the sake of completeness, the SU(6) unitary scalar factors for the case 15 ⊗ 6¯ = 84 ⊕ 6
are: [
15 6 6
(6, 1) (3, 2) (3, 2)
]
=
√
2
5
,
[
15 6 6
(3, 3) (3, 2) (3, 2)
]
=
√
3
5
. (5.9)
and [
15 6 84
(6, 1) (3, 2) (3, 2)
]
=
√
3
5
,
[
15 6 84
(3, 3) (3, 2) (3, 2)
]
= −
√
2
5
. (5.10)
5.2.2 Racah coefficients for the triquark cluster
SU(2) and SU(3)
In this subsection, after recapitulating the concept of Racah coefficients, using angular momen-
tum as an illustration, the necessary results useful for the triquark case are presented.
When three angular momenta j1, j2, j3 are added, one can obtain the same final angular mo-
mentum j by, for example, (a) combining j1 and j2 first to get j12 and adding j3 to it, or
by (b) first adding j1 and j3 to obtain j13 and then combining it with j2, or by (c) adding
j2 and j3 to obtain j23 and then adding j1 to it. The states of the representation j obtained
by these three different routes, may be denoted by |j1, j2, j3; j12, j,m〉, |j1, j2, j3; j13, j,m〉, and
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|j1, j2, j3; j23, j,m〉, respectively. These three sets of states are related to each other by uni-
tary transformations whose coefficients, U , are called the normalized Racah coefficients. For
example,
U(j1, j2, j3, j; j12, j13) = 〈j1, j2, j3; j12, j,m|j1, j2, j3; j13, j,m〉. (5.11)
The triquark state is of the structure (q1q2q¯3). Since the quarks (antiquarks) transform as 6
(6¯) of colour-spin SU(6), for the analysis of these states one requires the Racah coefficients for
SU(6) for the product 6× 6× 6¯.
For most purposes, it actually suffices if one has the colour SU(3) and spin SU(2) Racah
coefficients.
The same final triquark state may be reached by first combining q1 and q2 (colour: 3×3 = 3¯+6
and spin: 2×2 = 3+1) and then combining with each of these possibilities the antiquark state
q¯3. An alternate way of obtaining the same state is to first pair q1 with q¯3 (colour: 3× 3¯ = 8+1
and spin: 2× 2 = 3 + 1) and then adjoining q2 to the result. A third possibility is obtained by
interchanging q1 ↔ q2 in the previous alternative.
We concentrate, in the interest of the pentaquark application, on the triqark state which trans-
forms like a colour SU(3) triplet and an SU(2) doublet. The basis states in this sector may be
denoted as: 
|φ1〉
|φ2〉
|φ3〉
|φ4〉
 ≡

|(q1q2)3¯1(q¯3)3¯2〉(3,2)
|(q1q2)61(q¯3)3¯2〉(3,2)
|(q1q2)3¯3(q¯3)3¯2〉(3,2)
|(q1q2)63(q¯3)3¯2〉(3,2)
 (5.12)
and 
|ψ1〉
|ψ2〉
|ψ3〉
|ψ4〉
 ≡

|(q1q¯3)11(q2)32〉(3,2)
|(q1q¯3)81(q2)32〉(3,2)
|(q1q¯3)13(q2)32〉(3,2)
|(q1q¯3)83(q2)32〉(3,2)
 ,

|χ1〉
|χ2〉
|χ3〉
|χ4〉
 ≡

|(q2q¯3)11(q1)32〉(3,2)
|(q2q¯3)81(q1)32〉(3,2)
|(q2q¯3)13(q1)32〉(3,2)
|(q2q¯3)83(q1)32〉(3,2)
 . (5.13)
The notation used here, for example, is that the triquark state with SU(3) (SU(2)) multiplicity
c′ (s′) obtained through the diquark combination (q1q2) with SU(3) and SU(2) multiplicity c
and s, respectively, is represented as |(q1q2)cs(q¯3)3¯2〉(c′,s′).
These possibilities are related by Racah-like coefficients which are found by explicit calculation
to be: 
|φ1〉
|φ2〉
|φ3〉
|φ4〉
 =

− 1
2
√
3
1√
6
1
2
− 1√
2
1√
6
1
2
√
3
− 1√
2
−1
2
1
2
− 1√
2
1
2
√
3
− 1√
6
− 1√
2
−1
2
− 1√
6
− 1
2
√
3


|ψ1〉
|ψ2〉
|ψ3〉
|ψ4〉
 (5.14)
and
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
|φ1〉
|φ2〉
|φ3〉
|φ4〉
 =

− 1
2
√
3
1√
6
1
2
− 1√
2
− 1√
6
− 1
2
√
3
1√
2
1
2
−1
2
1√
2
− 1
2
√
3
1√
6
− 1√
2
−1
2
− 1√
6
− 1
2
√
3


|χ1〉
|χ2〉
|χ3〉
|χ4〉
 . (5.15)
SU(6) Racah coefficients
One can use the unitary scalar factors in eqs. (5.7) - (5.8) to write:
|q1q2q¯3〉(6φ
1
,3,2) =
√
6
7
|φ4〉+
√
1
7
|φ1〉, |q1q2q¯3〉(120,3,2) =
√
1
7
|φ4〉 −
√
6
7
|φ1〉. (5.16)
From eqs. (5.9) - (5.10) the states obtained if the diquarks are in the 15 of SU(6) are:
|q1q2q¯3〉(6φ
2
,3,2) =
√
2
5
|φ2〉+
√
3
5
|φ3〉, |q1q2q¯3〉(84,3,2) =
√
3
5
|φ2〉 −
√
2
5
|φ3〉. (5.17)
Using eq. (5.14) one then has:
|q1q2q¯3〉(6φ
1
,3,2) = −
√
7
12
|ψ1〉 −
√
2
21
|ψ2〉 −
√
1
28
|ψ3〉 −
√
2
7
|ψ4〉 (5.18)
and
|q1q2q¯3〉(6φ
2
,3,2) =
√
5
12
|ψ1〉 −
√
2
15
|ψ2〉 −
√
1
20
|ψ3〉 −
√
2
5
|ψ4〉 (5.19)
Thus, one arrives at the Racah coefficients:( |(6φ1 , 3, 2)〉
|(6φ2 , 3, 2)〉
)
=
√ 512 −√ 712√
7
12
√
5
12
( |(6ψ1 , 3, 2)〉|(6ψ2 , 3, 2)〉
)
(5.20)
The non-trivial unitary scalar factors corresponding to eq. (5.6) can be written as:[
35 6 α
i (3, 2) (3, 2)
]
= Ui,α, (5.21)
with i = 1, 2, 3 corresponding to (8,1), (1,3), and (8,3) while α = 1, 2, 3 to 120, 84, and 6ψ1 .
Then,
U =

−
√
9
28
−
√
8
21
√
25
84√
9
20
−
√
8
15
−
√
1
60
−
√
8
35
−
√
3
35
−
√
24
35
 , (5.22)
Now we turn to the application of these results to the pentaquark.
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5.3 Colour-spin hyperfine interaction
Besides colour electric forces between all quarks and antiquarks, there exists a colour-spin
hyperfine (colour magnetic) interaction [101]. In the KL model, it is assumed that this interac-
tion is operative inside the clusters but, due to the larger separation, the hyperfine interaction
between clusters is negligible2. The colour-spin SU(6) hyperfine interaction energy is:
V = −
∑
i>j
vij(~σi. ~σj)(~λi. ~λj). (5.23)
Here, ~σ and ~λ are the Pauli and Gell-Mann matrices, and i and j run over the constituent
quarks and antiquarks. The common practice is to take vij ≡ v (flavour symmetry). v captures
information about the radial dependence of the bound state wave-function. For a composite
system of nq quarks and nq¯ antiquarks, the hyperfine energy contribution is given by:
Ehyp = [D(q + q¯)− 2D(q)− 2D(q¯) + 16(nq + nq¯)] v/2, (5.24)
where
D(R6, R3, s) = C6(R6)− C3(R3)− 8
3
s(s+ 1). (5.25)
C6 and C3 are the quadratic Casimir operators of SU(6) and SU(3) respectively, and s, is the
spin of the state. The effect of this hyperfine interaction on multiquark exotic states has been
a topic of research over several decades [103, 104].
The mass estimate for the pentaquark proceeds along the following pattern. There are three
contributions: (a) the masses of the constituent quarks, (b) the colour-spin hyperfine energy,
and (c) the energy due to the P-wave excitation. The practice has been to estimate (a) from
the masses of the decay products, (baryon + meson), since their quark content is the same as
that of the parent; but here the hyperfine interaction contribution to the baryon and meson
mass must be first subtracted out, as detailed in section V. Thus, the hyperfine interaction
enters directly in (b) and also indirectly in (a) through the way it is extracted.
5.4 Hyperfine energies
5.4.1 Mesons and Baryons
As noted, the hyperfine interaction contributions to the meson (qq¯) and baryon (qqq) masses
are required for the estimation of the pentaquark mass. These can be readily calculated using
eq. (5.24). For example, in the flavour symmetry limit, one finds:
EN(70,1,2) = −8v, E∆(20,1,4) = 8v, Eπ(1,1,1) = −16v, Eρ(35,1,3) = 16
3
v, (5.26)
where in the parentheses the SU(6), SU(3), and SU(2) properties of the particle have been
indicated.
2Inclusion of the inter-cluster hyperfine interaction has also been considered [102].
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5.4.2 The diquark cluster
As already mentioned, the diquark (qq) is usually chosen to be in the (21,3¯,1) representation
which is symmetric in SU(6). In addition, a diquark can be in the (21,6,3), (15,6,1), and
(15,3¯,3) but these have higher energy. One finds from eq. (5.24) that the hyperfine energies for
these four states are:
E(21,3¯,1) = −8v, E(21,6,3) = −
4
3
v, E(15,6,1) = 4v, E(15,3¯,3) =
8
3
v. (5.27)
5.4.3 The triquark cluster
The triquark cluster in the Karliner-Lipkin model is a member of the (6,3,2) multiplet and
contains two quarks and an antiquark. The two quarks are assumed to combine to a symmetric
21 of colour-spin SU(6). For SU(6) 21 ⊗6¯ = 6 ⊕ 120, and the triquark (120,3,2) carries higher
hyperfine energy. If the two quarks are combined in an antisymmetric fashion, producing a 15
of SU(6), then3 the triquark can be in (6,3,2) or (84,3,2).
More important is the fact that in the existing literature, the triquark in the (6,3,2) is assumed
to be made with the two quarks within the cluster forming a (21,6,3). In actuality, so long
as flavour symmetry of the hyperfine interaction holds, the lowest energy eigenstate of SU(6)
receives contributions from both the (21, 6, 3) and the (21, 3¯, 1) combinations – see eq. (5.7) –
and this triquark has the form given in the first expression in eq. (5.16). The other possible
triquark states are the second expression in eq. (5.16) and the ones in eq. (5.17).
The triquark hyperfine energy
The calculation of the triquark hyperfine energy using eq. (5.24) is complicated by the fact that
the operator D(q + q¯) and D(q) do not commute; e.g., in eq. (5.16) an eigenstate of D(q + q¯)
is expressed as a linear combination of those of D(q).
To circumvent this difficulty, we use the following procedure. We consider the contribution of
eq. (5.23) for the triquark state term by term as:
V = V12( ~σ1. ~σ2)( ~λ1. ~λ2) + V13( ~σ1. ~σ3)( ~λ1. ~λ3) + V23( ~σ2. ~σ3)( ~λ2. ~λ3). (5.28)
The hyperfine energy from each term is most readily calculated in the basis where the two
contributing quarks/antiquarks are first combined [105]; i.e., corresponding to the three terms
in the r.h.s. of eq. (5.28) these are the |φ〉, |ψ〉, and |χ〉 bases of Sec. 5.2, respectively. They
are related to each other through eqs. (5.14) and (5.15). In terms of these basis states, one can
3In SU(6), 15⊗ 6¯ = 6⊕ 84. In the absence of flavour symmetry, the triquark is a superposition of these and
the 6 and 120 (see later).
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immediately write down the expectation value of the Hamiltonian in eq. (5.28). Thus4, one
has:
〈φ|V |φ〉 =

4
3
V12 +
20
3
V φ+ 4
√
2V φ−
10√
3
V φ− 2
√
6V φ+
4
√
2V φ− −83V12 + 83V φ+ 2
√
6V φ+
4√
3
V φ−
10√
3
V φ− 2
√
6V φ+ −4V12 0
2
√
6V φ+
4√
3
V φ− 0 8V12
 , (5.29)
where V φ± = V13 ± V23. Analogously,
〈ψ|V |ψ〉 =

8
3
V12 +
2
3
V13 +
28
3
V23
16
3
√
2
V ψ−
4√
3
V12 − 14√3V23 8√6V
ψ
+
16
3
√
2
V ψ− −163 V13 8√6V
ψ
+ 0
4√
3
V12 − 14√3V23 8√6V
ψ
+ −2V13 0
8√
6
V ψ+ 0 0 16V13
 , (5.30)
where V ψ± = V12 ± V23. 〈χ|V |χ〉 is similar and is not presented here.
The eigenvalues and eigenvectors of this matrix give the triquark energy and its corresponding
group theoretic configuration, respectively.
The method which we follow can be smoothly adopted to the case of flavour symmetry violation
by appropriately changing the individual coupling strengths in the three terms of eq. (5.28).
In the flavour symmetry limit, V12 = V23 = V13 = v, whence V
φ
− = V
ψ
− = 0. It is seen from eq.
(5.29) that (φ1, φ4) decouple from (φ2, φ3) in this limit.
5.5 Pentaquark masses
5.5.1 Hyperfine interaction couplings
Needless to say, the strength of the colour-spin hyperfine interaction, v, is an important ingre-
dient of the pentaquark mass estimation. The procedure has generally been to assume that
it takes a universal value which is estimated by ascribing the ∆ − N mass splitting to this
interaction. Using eq. (5.26),
v3 =
m∆ −mN
16
≃ 18.3 MeV. (5.31)
While this can be a first approximation, it should be borne in mind that v is determined by
the radial dependence of the bound state wave-function and thus is most likely different for
two-body and three-body bound states. Indeed, using eq. (5.26) for the meson sector one has,
v2 =
mρ −mπ
64/3
≃ 29.6 MeV. (5.32)
4This form was noted in [105]
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This is actually an overestimate of v2 since it is well known that the pion mass is too small
for a simple quark model interpretation. Eq. (5.32) is only for the purpose of illustration5.
However, it does indicate that it may not be unreasonable to expect that v2 6= v3 would give a
better approximation to reality. In the following, in addition to discussing the results for the
choice v2 = v3, for the sake of comparison, we also use a v2 for the diquarks different from the
v3 for the triquarks.
5.5.2 Flavour symmetry breaking
In the limit of exact flavour symmetry, the splitting between the lowest lying pseudoscalar
mesons and the corresponding vector mesons with the same quark content would be flavour
independent. A measure of flavour symmetry breaking can be obtained from
xf =
mK∗ −mK
mρ −mπ ≃ 0.63. (5.33)
This suggests that the hyperfine interaction involving an s-quark or antiquark carries a sup-
pression by the factor xf . In eqs. (5.32) and (5.33) the use of mπ makes the precise values
inaccurate. To improve upon this, we use the masses of the heavier mesons ρ, φ, K∗, and K.
Using eq. (5.26), the hyperfine contributions for these states are, respectively,
Eρ =
16
3
v2, Eφ =
16
3
x2f2v2, EK∗ =
16
3
xf2v2, EK = −16xf2v2, (5.34)
Here we have added a subscript to v and xf to indicate that these values of the hyperfine
parameters apply for two-quark and/or antiquark systems. Using the masses of the mesons,
one can solve for the hyperfine interaction parameters (v2, xf2) as well as the quark masses. In
this manner, one gets:
v2 = 23.62 MeV, xf2 = 0.782, mu,d = 322 MeV, ms = 471 MeV. (5.35)
These values are used in our subsequent calculations.
There are two three-body systems which enter in this analysis. One is the triquark state and
the other the baryon to which the pentaquark decays. Just as for mesons, one can estimate the
values of v3 and xf3 from the N −∆ and Σ− Σ∗ mass splittings which are given by:
E∆ − EN = 16v3, EΣ∗ − EΣ = 16
3
v3(2xf3 + 1), EΞ∗ −EΞ = 16
3
v3xf3(xf3 + 2). (5.36)
As a consistency check, we use the values so obtained to calculate the Ξ−Ξ∗ splitting and find
that the agreement is not satisfactory. Therefore, we use all of the three above splittings to
arrive at the best-fit values:
v3 = 17.89 MeV, xf3 = 0.708. (5.37)
In the following, these have been used for the triquark and baryons.
5We extract v2 from heavier mesons in the next subsection.
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5.5.3 P-wave excitation
The energy due to the P-wave excitation can be estimated from the recently observed D∗s state
at 2317 MeV, which is believed to be an orbital excitation of the state at 2112 MeV. This gives6
EP = mD∗s (P )−mD∗s (S) ≃ (2317− 2112) MeV = 205 MeV. (5.38)
5.6 Results
5.6.1 The flavour antidecuplet and the octet
Putting together the inputs from the previous sections, one can readily obtain the masses of
the pentaquark states in the Karliner-Lipkin model. For example, for Θ+, using eqs. (5.26)
and (5.27):
mΘ+ = {(mN + 8v3) + (ms +mq)}+ EP − 8v2 + Etri(v3, xf3), (5.39)
where the expression in the curly brackets is the contribution from the quark masses. The last
(penultimate) term is the hyperfine energy of the triquark (diquark). For other pentaquarks,
the r.h.s. in eq. (5.39) has to be appropriately modified to reflect the quark content of the state
and, when necessary, deviations from flavour symmetry have to be incorporated in eq. (5.28)
to obtain the correct Etri(v3, xf3).
Pentaquark Mass (in MeV)
states Θ+ N10 Σ10 Ξ10 N8 Σ8 Ξ8
Lowest 1601 1358 1626 1783 2057 2217 2326
SU(6) Excited 1789 1573 1840 1966 2321 2439 2512
Table 5.1: Pentaquark lowest lying state and first colour-spin excited state masses for the reference values
of the parameters in eqs. (5.35) and (5.37).
As noted earlier, the pentaquark states fill an octet and an antidecuplet of flavour. Excepting
for the three states, Θ+ ≡ ududs¯, Ξ−− ≡ dsdsu¯, and Ξ+ ≡ ususd¯, all other states in the
antidecuplet have partners in the octet with identical isospin and hypercharge. In estimating
the masses, we have assumed idealmixing between the partners and ascribed the lightermember
to the antidecuplet. Note that isospin symmetry is assumed unbroken, so it is enough to present
the mass of one member of an isomultiplet. The masses of the pentaquark states at the reference
values of the parameters – see eqs. (5.35) and (5.37) – are given in Table 5.1.
In Fig. 5.1, in the left panel the antidecuplet pentaquark masses are shown as a function of
the flavour symmetry violation parameter xf , which assumes the value unity in the symmetry
6Alternatively, one might use EP = mΛ( 1
2
)− −mΛ( 1
2
)+ ≃ (1406− 1116) MeV = 290 MeV. This will increase
all pentaquark mass estimates below by ∼ 85 MeV.
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limit. In view of the closeness of the estimates of xf in eqs. (5.35) and (5.37), for this figure we
have taken xf3 = xf2 = xf . The triquark interaction strength has been kept fixed at v3 = 17.89
MeV. The bands arise from a variation of the strength of the diquark hyperfine interaction,
v2, with the lower edge corresponding to v2 = v3 and the upper to v2 = 23.62 MeV (see eq.
(5.35)). For this figure, EP has been chosen as 209 MeV, following eq. (5.38). It is observed
that the triquark corresponding to the lowest eigenvalue of the hyperfine energy Hamiltonian
– eq. (5.29) – is predominantly a combination of the states φ1 and φ4 (see eq. (5.12)) which
are antisymmetric in the quark flavours.
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Figure 5.1: Dependence of pentaquark masses on the deviation from flavour symmetry (xf = 1). The left
(right) panel corresponds to flavour antidecuplet (octet) pentaquarks. The bands are obtained when the
diquark hyperfine interaction strength is varied over the range 17.89 MeV ≤ v2 ≤ 23.62 MeV (see text).
Note that, N10, the non-strange member of the antidecuplet
7 is predicted to be at a mass of
1355 MeV for v2 = v3 which is enhanced to ∼ 1400 MeV when v2 = 23.62 MeV is used. This
prediction is independent of the choice of xf since the state does not have strange quarks. For
the exotic Ξ−−10 state the mass prediction is in the range 1795 – 1825 MeV for xf = 0.7 to be
compared with that of the experimentally observed state at 1862 MeV [90].
In the right panel of Fig. 5.1 are shown the octet pentaquark masses. The splitting between
the masses of the octet states and the corresponding antidecuplet states is seen to be typically
around 500-600 MeV. As noted earlier, at the level of these calculations, the masses of the I=1
and I=0 members of the octet with S = -1 are the same. The non-strange neutral state in the
octet, N08 , has the quark structure (uds¯)(ds) and its mass is consequently dependent on xf .
A remark needs to be made about the symmetry property of the triquark state for the octet
pentaquarks. This feature is most easily brought out from a consideration of the S = -2 member
7This state could have been proposed as a possible interpretation of the Roper resonance at 1440 MeV.
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of the octet, Ξ8, which has the quark structure (us)(sss¯). The diquark is antisymmetric in
flavour so its choice is fixed. Unlike all the other states, here the triquark is compelled to have
two identical (s) quarks, besides the antiquark. Consequently, in the notation of section II, it
can arise only from a combination of the states φ2 and φ3 (see eq. (5.12)) which are symmetric
in flavour. Obviously, all states in the pentaquark octet will share this feature in the exact
flavour SU(3) limit.
The H1 experiment at HERA found evidence of a possible charmed pentaquark at mass 3099
MeV [91]. This state has the quantum numbers of a pentaquark with the structure ududc¯.
Including flavour violation (xf = 0.23 for the c¯ quark) and taking v2 = 23.62 MeV, v3 = 17.89
MeV, we find the predicted mass for such a state is 2757 MeV.
5.6.2 Triquark SU(6) excitations
Colour triplet, spin 1
2
triquarks come in four varieties. These are the four eigenstates of the
hyperfine energy matrix in eq. (5.29). The results presented so far are obtained using the
eigenstate with the minimum energy consistent with symmetry requirements – a certain choice
of colour-spin assignments for the quark clusters – and leads to the lowest lying pentaquarks. It
is evident that the other triquark eigenstate clusters also lead to colour singlet spin 1
2
pentaquark
states, albeit heavier. How different are the masses in these other cases?
For illustration, we show in Table 5.1 the masses of the first excited partners of the antidecuplet
and octet pentaquarks for the reference values of the hyperfine interaction parameters. In the
flavour symmetry limit (xf3 = xf2 = 1), the spacing between the excited states is independent
of the flavour and the lowest and first excited states are separated by 215 MeV (370 MeV) for
every member of the antidecuplet (octet).
There is no obvious argument to suppress the production of these additional states. It will be
of interest to extend the ongoing searches to look for such SU(6) colour-spin excited partners,
a novelty of QCD and the pentaquark system.
5.7 Conclusions
A pentaquark interpretation of the Θ+ leads to predictions of several other colour singlet states
in a similar mass range which populate an antidecuplet and an octet of flavour SU(3). In
this work, the masses of these pentaquark states have been calculated in a triquark-diquark
(Karliner-Lipkin) model with refined estimates, up to first order, of the color-spin SU(6) hy-
perfine interaction contributions.
Motivated by the structure of these states, the SU(6) unitary scalar factors relevant for the
qqq¯ triquark structure and the Racah coefficients, not available in the literature, have been
calculated ab initio. Using these results, the colour-spin SU(6) hyperfine contributions have
been obtained taking two variations from the simplest picture. One of these concerns the
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deviation from flavour symmetry. The other originates from a possible difference in the strength
of the hyperfine interaction for two- and three-quark bound states which can be related to the
known splittings in baryonic and mesonic systems. Both of these variations do affect the
pentaquark mass predictions. An element of uncertainty is introduced in these mass estimates
by the P-wave excitation energy for which we have used the information from the D-meson
system.
The triquark states within the antidecuplet and the octet are chosen, for good reason, to be
the lowest eigenstate of the hyperfine energy Hamiltonian satisfying symmetry requirements.
The other eigenstates are possible triquark states of SU(6) colour-spin excitations. The masses
of colour singlet, spin 1
2
pentaquarks resulting from these triquark excitations have also been
estimated.
Irrespective of whether the claimed observation of the Θ+ baryon is vindicated or not, pen-
taquarks can prove to be the tip of a revealing iceberg of new hadronic states illuminating novel
facets of QCD.
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Chapter 6
Summary and Conclusions
The authenticity of the existence of a theory beyond the standard model is now beyond doubt.
We have already had experimental evidence, like neutrino mass, in its favour from the electro-
weak sector. In addition, we have different theoretical as well as conceptual problems like the
hierarchy problem etc. discussed in the Introduction. Beyond the standard model, thus, is
an obvious area one should look into in order to explain the present and future experimental
data as well as to have a clear picture about the physics. As the LHC is getting all set to
roar in 2008, expectations are mounting as we prepare ourselves to get a glimpse of new and
unexplored territory. New physics of different incarnations, especially supersymmetry and/or
extra dimensions, are crying out for verification. So based on the current experimental data we
put some constraints on different parameters of new physics possibilities and also discuss how
the characteristics of different standard model phenomena change in the presence of such new
physics.
The first two works of my thesis, discussed in chapters 2 and 3, are devoted to the physics of
extra dimensions. In chapter 2 we have discussed how the evolutions of different gauge, Yukawa
and quartic coupling constants are affected in the presence of extra dimensions. How they differ
from the conventional SM behaviour has been the subject of our investigation in that work. In
that chapter we have performed a diagram by diagram book-keeping leading to the evolution
equations. We have observed that low gauge coupling unification scales can be achieved due
to the power law evolution of the coupling constants. The unification scale depends on R, and
is approximately given by Λ ∼ (25 − 30)/R. The ‘triviality’ and ‘vacuum stability’ bounds
on the Higgs mass have been studied in the context of power law evolution. This limits the
Higgs mass in the range 148 ∼<mH ∼<186 GeV at the one-loop level. We had also pointed
out for the first time that if low energy SUSY is realised in Nature, then the requirement of
perturbative gauge coupling unification pushes the inverse radius of compactification all the
way up to ∼ 1010 GeV. Thus if superpartners of the SM particles are observed at the LHC, the
nearest KK states within the UED framework are predicted to lie beyond the boundary of any
observational relevance.
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In chapter 3 we have probed how much the upper limit on the lightest neutral Higgs mass,
mh, could be relaxed, should the MSSM be embedded in one (S
1/Z2) or two (T
2/Z4) extra
dimensions. As the large contribution will come from the top family, we had in our model only
allowed third generation of fermions with their superpartners to access the extra dimension.
This also helps to keep the theory perturbative in the intended zone of R. The KK towers of the
top quark and stop squarks provide a positive contribution to m2h raising it by several tens of
GeV. Ignoring the left-right scalar mixing and assuming moderate tan β ∼ (5− 10), we obtain
∆m2h(KK) ∼ (60 GeV)2 × (MSR)2 in the 5d scenario. Including the left-right scalar mixings,
i.e., non-zero µ and trilinear parameters, somewhat enhances the magnitude of the correction.
In the 6d theory with two extra dimensions compatcified on a chiral square the correction gets
sizably enhanced due to a denser packing of KK states. At the same time the low tan β region
can be revived in this scenario.
The problem of low intermediate left-right symmetry breaking scales, as preferred by leptoge-
nesis, in the minimal supersymmetric SO(10) GUTs with only doublet Higgs scalars as well as
with triplet scalars is discussed in chapter 4. The minimal renormalizable triplet model with
Higgs representations 210⊕ 126⊕ 126⊕ 10 is excluded as a candidate for any low value of
left-right symmetry breaking intermediate scale. We find in agreement with previous work, that
in the minimal models, at the one-loop level gauge coupling unification requires the scale of left-
right symmetry breaking to be close to the GUT scale. Inclusion of the two-loop contributions
eliminates even this possibility as no solution can be found at all with an intermediate scale.
On the other hand, evading the gravitino problem, which would otherwise plague successful
big bang nucleosynthesis, would require MR ≤ 109 GeV. We have pointed out that this im-
passe can be circumvented in the case of the doublet model by including threshold corrections
near the GUT scale, including non-renormalizable interactions due to gravity induced Planck
scale effects, or by adding new light scalar multiplets. In the last alternative, the additional
light submultiplets used are present in representations commonly used in SO(10) non-minimal
models, but they are different from those which emerge from mass spectra analysis [74]. These
considerations allow the left-right symmetry breaking scale to be low, as low as even a few
TeV, making it phenomenologically interesting. The unification scale obtained in the doublet
model using the first two methods turns out to be large, making it safe for Higgsino mediated
proton decay as well as fermion mass relations. In the triplet model, although threshold effects
can easily decrease the intermediate scale, we find a perturbative lower bound, MR > 10
9 GeV,
below which the intermediate scale cannot be lowered.
Besides the discussion of different new physics beyond the standard model we have also tried
to explore some features of quantum chromodynamics in chapter 5. In this work, the masses
of the pentaquark states have been calculated in a triquark-diquark (Karliner-Lipkin) model
with refined estimates of the colour-spin SU(6) hyperfine interaction contributions. Motivated
by the structure of these states, the SU(6) unitary scalar factors relevant for the qqq¯ triquark
structure and the Racah coefficients, not available in the literature, have been calculated ab
initio. The result is used to determine the tree level pentaquark masses properly. Irrespective
of whether the claimed observation of the Θ+ baryon is vindicated or not, pentaquarks can
prove to be the tip of a revealing iceberg of new hadronic states illuminating novel facets of
QCD.
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